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Abstract
Cosmology aims to study the origin, composition and evolution of the entire Universe.
The standard model for cosmology, called ΛCDM , represents a good fit to most of the
observations we have, but it is a phenomenological model with no strong theoretical
foundation, so one of the biggest challenges in cosmology (but important for the entire
physics) will be to understand if this is the correct model (and so try to find a theoretical
framework for it) or if a model with some sort of “new” physics will take place as the
standard one. From the theoretical point of view there are several attempts to solve open
problems in cosmology, such as the origin of the Universe and the nature of dark energy;
their solution could shed some light on profound and interesting questions potentially
revolutionising our understanding of nature.
Important data revealing the nature of dark energy will be provided by forthcoming
and planned galaxy surveys, that will reach a high precision in their measurements. Data
available in the next years will allow us to constrain much better the cosmic expansion
history, the geometry of the Universe and the growth of structures within it.
For this reason, in this thesis we focused on observational tests of one of the key as-
pects of a cosmological model, the growth of structures; this allowed us to perform tests
of cosmological models and General Relativity. We performed studies of the evolution
of growth and clustering of cosmological structures and the evolution of the gravitational
potential, comparing effects that depend on them against observations coming from var-
ious datasets.
In particular, in Chapter 2 we test the growth of structures and their clustering using
Redshift-Space Distortions (RSD), developing a new methodology to carefully analyse
large scale spectroscopic galaxy surveys; we implement and test a practical application
of the wide-angle formalism and then we investigate the significance of different system-
atics that affect measurements of large scale RSD.
In Chapter 3 we use the Integrated Sachs-Wolfe (ISW) effect to test cosmological
models to search for possible deviations from the ΛCDM model and then to test a model
for the evolution of low frequency radio sources.
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In Chapter 4 we forecast cosmological measurements it will be possible to obtain
using forthcoming radio surveys, using different probes such as the auto-correlation of
radio sources, the ISW effect, the Cosmic Magnification and a joint analysis, in order to
show how they can be used to test deviations from the standard cosmological constant
and General Relativity models.
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Chapter 1
Introduction
Introduction:
There is a theory which states that if ever anyone discovers
exactly what the Universe is for and why it is here, it will
instantly disappear and be replaced by something even more
bizarre and inexplicable.
Another Introduction:
There is another theory which states that this has already
happened.
(Douglas N. Adams, The Restaurant at the End of the Universe)
Cosmology aims to study the origin, composition and evolution of the entire Universe.
We can probably say that modern physical cosmology became a proper science during the
20th century, with the publication of Einstein field equations (Einstein, 1915; see Pais,
1982 for the development of the theory of relativity). These equations are the core of
Einstein’s theory of General Relativity (GR), and describe the fundamental interaction of
gravitation as a result of space-time being curved by matter and energy; to use Einstein’s
words, “matter tells space how to bend; space tells matter how to move (Einstein, 1916)”.
However, until few decades ago, the lack of observational data didn’t allow cosmol-
ogy to be much more than a theoretical science, but modern technologies made high-
quality data available, starting the so-called “golden age of cosmology”. These new data
allowed us to test theoretical models developed during the last century; the comparison
against data in some cases produced exceptional confirmation of the theory, while in
others started totally unexpected scenarios, hinting at new areas of physics. This demon-
strated that cosmology is a fundamental resource for modern science, being able to probe
extreme conditions on large scales. In contrast astroparticle physics is one of the most
1
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promising way to improve our knowledge of particle physics.
Modern cosmology is based fundamentally on Einstein’s theory of General Relativity
and the Copernican Principle, which states that the Universe is isotropic and homoge-
neous on large-scales. The current standard model successfully describes observational
phenomena across an extremely wide range of times and scales. Over the past century,
observations have been continually conducted and refined in order become more precise,
and it is often claimed that we have now entered an era of precision cosmology; those
measurements are mostly consistent with theoretical predictions.
However, in the last decade, observations of large-scale galaxy distribution (Jarrett
et al. 2000; Adelman-McCarthy et al. 2008; Condon et al. 1998; Boldt 1987), the search
for Type Ia Supernovæ (SNIa) (Perlmutter et al., 1999; Riess et al., 1998; Amanul-
lah et al., 2010) and measurements of the Cosmic Microwave Background anisotropies
(CMB) (Larson et al., 2010; Komatsu et al., 2011) have been suggesting that two un-
known components govern the dynamics of the Universe. They are referred to as dark
matter (DM), necessary to explain the structure formation, and dark energy (DE), that is
supposed to drive the measured cosmic acceleration (Tsujikawa, 2010a; Copeland et al.,
2006). However, DM particles have not been directly detected, although there are hints
of their existence (Adriani et al., 2009a,b; Bernabei et al., 2000), and there is no theo-
retically established motivation either for DE (Tsujikawa, 2010a; Copeland et al., 2006)
or for the tiny cosmological constant (Weinberg, 1989) which would fit cosmological
observations (Amendola & Tsujikawa, 2010).
At present the most precise observations we have to test our theories are the ones
of the Cosmic Microwave Background radiation (Larson et al., 2010; Komatsu et al.,
2011). This is a radiation that was produced when the universe was around 380,000
years old and had cooled enough to allow electrons and protons to combine to produce
Hydrogen atoms. Its discovery in 1965 by Penzias and Wilson was a great success of the
hot Big Bang model, and experiments have been performed in the years after in order to
obtain more precise measurements of this radiation; data analyses of the CMB have also
contributed to the success of other theories (e.g. the inflationary model).
The COsmic Background Explorer (COBE) (Smoot et al., 1991) and the Wilkinson
Microwave Anisotropy Probe (WMAP) (Komatsu et al., 2011) satellites have measured
the anisotropies of the CMB, finding that it is extremely isotropic, in agreement with
the cosmological principle. However, even if it is almost isotropic, the CMB has been
shown to have small anisotropies, and this again is in agreement with the theory, which
states that quantum perturbations in the field driving inflation produce small primordial
density fluctuations which are then amplified through gravitational instability to form the
structure that exists in the universe today.
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Other than confirming theories about the model best describing the Universe, recent
experiments also provided observations not explainable in the framework of the standard
picture available 30 years ago. For example, recent Supernovæ Ia and CMB measure-
ments indicate that the Universe recently went from a decelerating to an accelerating
expansion and showed that the known matter accounts for only ≈ 5% of the total matter-
energy content of the Universe; even introducing the dark matter component, there is still
a ≈ 75% missing; the nature of these two components of the Universe is still unknown.
From the theoretical point of view there are several attempts to solve open problems in
cosmology, such as the origin of the Universe and the nature of dark energy; their solution
could shed some light on profound and interesting questions potentially revolutionising
our understanding of nature 1.
Important data revealing the nature of dark energy will be provided by forthcoming
and planned galaxy surveys, that will reach a high precision in their measurements. Data
available in the next years will allow us to constrain much better the cosmic expansion
history, the geometry of the Universe and the growth of structures within it.
The next generation of spectroscopic surveys, such as the Baryon Oscillation Spec-
troscopic Survey (BOSS) (Schlegel et al., 2009), BigBOSS (Schlegel et al., 2011) and
Euclid (Laureijs, 2009), will enable us to measure the clustering of galaxies at large
scales with extremely high accuracy and using those data on large scales will be crucial
for constraining growth of structure in the Universe and the nature of gravity in a robust
way.
Additional data will be represented by observations coming from Radio Surveys, such
as LOFAR (Rottgering et al., 2011), EMU (Norris et al., 2011), WODAN (Rottgering
et al., 2011) and the SKA2. Radio Surveys have been used in the past to test cosmological
models (e.g. Raccanelli et al. 2008; Xia et al. 2010b), as they are complementary to
observations at different wavelenghts because they probe different parts of the parameter
space.
This thesis concentrates on effects that can be measured with galaxy and radio sur-
veys data; we will present and discuss them in the following Chapters. Prior to this,
in this Chapter we present the standard cosmological model and describe how we can
parameterise modifications of it in order to test cosmological parameters with high pre-
cision.
1Possible explanations involve more exotic theories (e.g. string theory (Polchinski, 2006), holographic
principle (Bousso, 2002), extra-dimensions (Arkani-Hamed et al., 1999, 2000), the anthropic principle
(Vilenkin, 1999; Kallosh & Linde, 2003; Linde, 2002; Smolin, 2004), the multiverse (Tegmark, 2003;
Aguirre & Tegmark, 2005; Robles-Pe´rez et al., 2007)).
2http://www.skatelescope.org/
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1.1 The Standard Cosmological Model
The current standard model of cosmology, that describes at best our current observations,
is the so-called concordance model, or ΛCDM (for a recent review of the current standard
model see Cervantes-Cota & Smoot, 2011). Here Λ stands for the vacuum energy in the
form of a cosmological constant responsible for the acceleration of the expansion of
the Universe, and CDM stays for a Cold Dark Matter component. Various publications
review the essential elements of the Standard Cosmological Model (SCM) (e.g. Peacock
1999; Carroll 2004; Coles & Lucchin 2002; Weinberg 2008; Dodelson 2003; Kolb &
Turner 1990; Peebles 1980; Weinberg 1972; Misner et al. 1973; Landau & Lifshitz 1971);
most of them cover what we discuss here, so we do not always cite explicitly which one
used the particular approach we follow. There are also a number of old papers that can be
consulted in order to acknowledge the historical and conceptual foundations of the SCM
(e.g. Zel’dovich, 1964; Lifshitz & Khalatnikov, 1964) 3.
A century of extensive observational research combined with theoretical ideas has
provided us with a concordance cosmological model of the Universe ΛCDM . This cur-
rent model has a total energy density that gives a spatially flat geometry which is com-
prised of (Komatsu et al., 2011):
i) electromagnetic radiation and neutrinos (< 1% of the present day total energy den-
sity);
ii) luminous baryonic matter, in the form of stars, galaxies, gas and dust (≈ 4% of the
total energy density);
iii) non-baryonic dark matter, (≈ 22% of the present day total energy density);
iv) dark energy, responsible for the accelerated expansion of the Universe at late-times
(≈ 74% of the present day total energy density).
The standard model is based on three main assumptions:
i) on scales larger than ≈ 100Mpc the Universe is homogeneous and isotropic;
ii) the matter and energy content of the Universe can be parametrized as a perfect
barotropic fluid;
iii) the evolution of the geometry of the Universe is described by Einstein’s General
Relativity.
3 It is particularly interesting to note, for example, that already Lemaıˆtre (Lemaıˆtre, 1927, 1931, 1958)
suggested that the expansion really did start with the beginning of the entire Universe. Unlike the Universe
of some modern big-bang cosmologies, the description of Lemaıˆtre did not evolve from a true singularity
but from a material pre-Universe, what Lemaıˆtre liked to call “primeval atom” (Lemaıˆtre, 1931).
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1.1.1 The Cosmological Principle
The first assumption states that, in what Milne in 1933 referred to as the ”Einstein’s Cos-
mological Principle”, the Universe on large scale is homogeneous and isotropic. This
translates, in the modern statistical cosmology language, to the fact that the 3D distribu-
tion of matter in the Universe is a statistically homogeneous and isotropic random density
field. Another fundamental hypothesis in modern cosmology is the so-called Ergodic
Hypothesis, that states that means of a stochastic field over the statistic ensemble are
equivalent to spatial means of each of its realisation. The ergodicity of a stochastic field
is a demonstrated theorem in the case of gaussian stochastic fields with continuum power
spectrum (Adler, 1981). In practice one assumes that regions of the Universe that are
sufficiently far away from each other are statistically independent, and so are equivalent
to different statistical realisations of the same stochastic process. The combination of the
Cosmological Principle with the Ergodic Hypothesis goes under the name of Fair Sample
Hypothesis (Peebles, 1980). This assumption holds to be true until now, confirmed by
both galaxy surveys and CMB isotropy analyses; when measuring correlations using this
principle, there is a combination of choosing regions large enough to be isotropic and
homogeneous and in a number sufficient to have statistics (and this gives origin to the
so-called cosmic variance).
1.1.2 Spacetime Geometry
To describe the Universe we need a system of reference. We can describe the content
of the Universe as a continuous fluid and assign to each element three spatial and one
temporal coordinates. In General Relativity, the geometry is encoded in the metric tensor
gµν , or the line element:
ds2 = gµνdx
µdxν , (1.1)
that represents the spacetime interval between two point xj and xj + dxj .
The assumption of homogeneity and isotropy implies that the geometry of the Uni-
verse is invariant for spatial roto-translations. This fact can be used, in four space-time
dimensions, to reduce the number of independent components of the metric tensor from
10 to 4. In this case we can define a proper time and define g0α = 0, and so we can write
the metric as:
ds2 = (cdt)2 − dl2 = (cdt)2 − γαβdxαdxβ, (1.2)
where:
γαβ = −gαβ + g0αg0β/g00 , (1.3)
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is the 3D metric tensor. The curvature of the space is completely determined by its 3D
curvature tensor, (3)Rαβγδ. In the case of isotropy, we have:
(3)Rαβγδ = K (γαγγβδ − γαδγγβ) , (1.4)
where K is a constant and the superscript (3) indicates we are referring to the 3D spatial
case. The Ricci tensor Rαβ = R
γ
αγβ is then:
Rαβ = 2Kγαβ (1.5)
and the scalar curvature:
R = 6K. (1.6)
Thus the curvature properties of an isotropic space are determined by just one constant.
Corresponding to this there are 3 different possible cases for the spatial metric:
i) when K > 0 we have a space with constant positive curvature;
ii) when K < 0 we have a space with constant negative curvature;
iii) when K = 0 we have a space with zero curvature.
It can be seen (Landau & Lifshitz, 1971) that a space with positive curvature is closed
on itself, so its volume is finite, while one with negative curvature will have an infinite
volume.
A nonstationary metric has an important consequence: it causes a change in all dis-
tances between bodies in space. Thus as a increases, bodies seem to recede from one
another. However, it is not correct to naively interpret the redshift as due to a Doppler
shift due to recession velocities: what is actually happening is that the metric of space-
time between us and the galaxies has changed (the universe has expanded) along the path
of the photon from here to there, leading to an increase in the wavelength of the light (see
e.g. Carroll 2004); this question is very profound and still debated (see Peacock 2008); it
is interesting to note that interferometry experiments trying to clarify the question have
been proposed (Adler et al., 2011), but there are no conclusive results yet. From the point
of view of an observer, it will appear as if all the other bodies were moving in radial
directions away from the observer, the speed of this motion being proportional to the
separation. This was observationally confirmed by the discovery of redshift of galaxies
(or nebulae as they were called at that time, Slipher 1915, 1917) and then formalised as
a law by Hubble (1929) 4. We will return on the redshift in Section 1.1.6.
4for a historical note see e.g. http://www.aip.org/history/cosmology/ideas/expanding.htm
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The most general form of a line element which is invariant under spatial rotations and
translations can then be written as
ds2 = eνdt2 − eλdr2 − eµ(r2dϑ2 + r2 sin2 ϑdϕ2) + 2eσdrdt. (1.7)
The freedom of choosing a gauge can the be exploited and the metric can be reduced (this
result was obtained independently by Robertson 1935, 1936a,b and Walker 1937) to its
canonical Friedmann-Lemaıˆtre-Robertson-Walker (FLRW) form:
ds2 = dt2 − a2(t)
[
dr2
1−Kr2 + r
2(dϑ2 + sin2 ϑdϕ2)
]
, (1.8)
where a(t) is the scale factor and K is the curvature parameter.
Another way of writing the FLRW metric is:
ds2 = −dt2 + a2(t)γijdxidxj , (1.9)
where γij is the metric tensor on spatial hypersurfaces.
Since current observations are in agreement with a flat universe, we now assume
K = 0, and so we can write:
ds2 = −dt2 + a2(t)δijdxidxj , (1.10)
where δij is the Kronecker delta.
The scale factor a(t) can be used to define, in an expanding spacetime, the comoving
distance, χ, between two points, which is just measured by the comoving coordinates
and it remains constant as the universe expands. The physical distance, r, is proportional
to the scale factor:
r = a(t)χ , (1.11)
and so it evolves with time. Thus, an isotropic and homogeneous universe is characterised
not only by its geometry, but also by the evolution of the scale factor (Dodelson, 2003).
In order to quantify the expansion rate, we can use the Hubble parameter (Equation 1.51)
Instead of the cosmic time t, it is possible to use different time coordinates; one that
is useful in cosmology is the conformal time, defined as:
η =
∫ t
∞
dt
a(t)
, (1.12)
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In this case, the FLRW metric becomes:
ds2 = a2(η)
{
(cdη)2 −
[
dr2
1−Kr2 + r
2(dθ2 + sin2 θdφ2)
]}
. (1.13)
and the line element (1.10) becomes:
ds2 = a2(η)
[
− dη2 + δijdxidxj
]
. (1.14)
In doing this, we have increased the spatial coordinate grid introduced above to a coordi-
nate grid over the entire spacetime. We can also define the conformal Hubble parameter:
H(η) = da/dη
a
=
a′
a
, (1.15)
where the prime denotes a derivative with respect to the conformal time; thus we have:
H = aH . (1.16)
1.1.3 Einstein Field Equations
Having introduced the metric tensor of an FLRW universe, we can now go on to dis-
cuss the dynamical equations. In general relativity the curvature of a given spacetime is
encoded in the Riemann curvature tensor, defined as:
Rαµβν = Γ
α
µν,β − Γαµβ,ν + ΓαλβΓλµν − ΓαλνΓλµβ , (1.17)
where Γσδλ are the Christoffel symbols, or connection coefficients, defined in terms of the
metric tensor and its derivatives as:
Γαβγ =
1
2
gαλ(gλβ,γ + gλγ,β − gβγ,λ) , (1.18)
where the “, ” stays for a partial derivative, gαβ,γ ≡ ∂γgαβ . Two contractions of the
Riemann tensor are particularly useful (Ricci & Levi-Civita, 1901): the Ricci tensor:
Rµν ≡ Rαµαν = ∂αΓαµν − ∂νΓαiα + ΓαµνΓβαβ − ΓβναΓαβµ , (1.19)
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and its contraction, the Ricci scalar:
R ≡ gµνRµν . (1.20)
The Riemann tensor obeys the following identity:
∇[λRρσ]µν = 0 , (1.21)
where the square brackets denote anti-symmetrisation over the relevant indices. Equa-
tion (1.21) is called the Bianchi identity.
We can now introduce the Einstein tensor Gµν , that express the curvature of a Rie-
mannian manifold, and is defined as:
Gµν = Rµν − 1
2
gµνR ; (1.22)
the Bianchi identity implies that the divergence of this tensor vanishes identically:
∇µGµν = 0 . (1.23)
The equations of motion in general relativity are the Einstein equations, that describe the
fundamental interaction of gravitation as a result of spacetime being curved by matter
and energy (Einstein, 1916):
Gµν ≡ Rµν − 1
2
gµνR = 8piGTµν , (1.24)
where G is Newton’s gravitational constant and Tµν is the energy momentum tensor,
which describes the energy and momentum of the matter content of the spacetime. Using
Wheeler’s words (Wheeler, 1990): “matter tells spacetime how to curve, and curved
spacetime tells matter how to move”.
1.1.4 Perfect Barotropic Fluids
The content of the Universe is usually described in terms of perfect barotropic fluids;
a perfect fluid is one that can be completely specified by two quantities, the rest-frame
energy density %, and an isotropic rest-frame pressure p that specify the pressure in every
direction. A consequence of isotropy is that T µν is diagonal in its rest frame, so there
is no net flux of any component of momentum in an orthogonal direction. Furthermore,
the spacelike components T ii must all be equal. The only two independent numbers are
therefore the energy density:
% = T 00, (1.25)
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and the pressure:
p = T ii. (1.26)
The energy-momentum tensor of a perfect fluid therefore takes the following form in its
rest frame:
T µν =

% 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

In general, for such fluids, the energy-momentum tensor can be written as:
T µν = (ργ + pγ)u
µuν + pγδ
µ
ν , (1.27)
where: uµ the fluid four-velocity, satisfying the uµuµ = −1. The energy momentum
tensor exhibits the important property of being conserved, which express the energy-
momentum conservation equations:
∇µT µν = 0 ; (1.28)
these equations contain the equations of motion of the physical system to which the en-
ergy momentum tensor under consideration refers. Being obtained from the conservation
of the Einstein tensor, Equation 1.23, they are already included into Equation 1.24.
However, for a complete determination of the distribution and motion of the matter
in the case of the Equation 1.24, one must still add to them the equation of state of the
matter, i.e. an equation relating the pressure and density.
1.1.5 Friedmann Equations
The FLRW metric is valid for a homogeneous and isotropic Universe, but we still need to
specify the evolution of the scale factor a(t); Einstein’s equations allow us to determine it
through the energy momentum tensor of the Universe. Modelling the matter and energy
as perfect fluids, for the Christoffel symbols in a flat FLRW spacetime we have:
Γ000 = H , Γ0ij = Hδij , Γij0 = Hδij , (1.29)
Γ00i = 0 , Γ
i
00 = 0 , Γ
i
jk = 0 , (1.30)
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and so:
R00 =
3a¨
a
, (1.31)
Rij =
(
a¨
a
+
2a˙2
a2
+
2K
a2
)
δij, (1.32)
R = 6
(
a¨
a
+
a˙2
a2
+
K
a2
)
. (1.33)
So, from Equation 1.24 and 1.27, we have two independent equations:
H2 =
(
a˙
a
)2
=
8piG%
3
− K
a2
, (1.34)
H˙ = −4piG (p+ %) + K
a2
, (1.35)
that are called Friedmann Equations (Friedman, 1922), and they describe the temporal
evolution of the scale factor.
The conservation of the energy momentum tensor leads to the continuity equation:
%˙+ 3H(p+ %) = 0, (1.36)
so we can write the Friedmann equations as:
H2 = 8piG
3
%a2 , (1.37)
H′ = −4piG
3
(%+ 3p)a2 . (1.38)
If we introduce the equation of state:
w =
p
%
, (1.39)
where relating pressure and energy density of the fluid, we can write Equation 1.38 as:
H′ = −4piG
3
(1 + 3w)%a2 . (1.40)
Now we can rewrite the continuity equation as:
ρ′0 = −3H(1 + w)% , (1.41)
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that can then be integrated to give:
% = %¯
(a
a¯
)−3(1+w)
, (1.42)
where an overbar denotes the value of a quantity today. The scale factor and Hubble
parameter can then be shown to evolve as:
a = a¯
(
η
η¯
)2/(1+3w)
, H = 2
1 + 3w
η−1 . (1.43)
We now highlight the evolution of the parameters in the different eras of the universe
in the hot Big Bang model.
The first is the radiation era, where the universe is filled with a fluid of particles
moving at or close to the speed of light. The equation of state parameter for such a fluid
is w = 1/3, which gives:
ρ0 ∝ a−4 , and a ∝ η . (1.44)
The next epoch is the matter domination era, where the universe is filled with col-
lisionless, non-relativistic particles which better models a universe filled with galaxies.
This matter is called dust, and is well modelled by a pressureless fluid with equation of
state parameter w = 0. In this era the energy density and scalar factor evolve, respec-
tively, as:
ρ0 ∝ a−3 , and a ∝ η2 . (1.45)
If we introduce the critical density parameter at a given time t as:
%cr(t) =
3H(t)2
8piG
, (1.46)
Ω(t) =
%(t)
%cr(t)
, (1.47)
then we can write Equation 1.37 as:
Ω(t) = 1 +
K
a2H2
; (1.48)
therefore we can see that the matter-energy content determines the spatial geometry of
the Universe, and we have:
i) Ω = 1, % = %cr, imply K = 0 (the Universe is spatially flat);
ii) Ω < 1, % < %cr, imply K < 0 (the Universe is spatially open);
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iii) Ω > 1, % > %cr, imply K > 0 (the Universe is spatially closed);
1.1.6 Hubble’s Law and Distances in Cosmology
Hubble’s Law
The Hubble parameter H(t) is the time-dependent proportionality constant relating the
recession velocity v and the (proper) distance d in an expanding Universe. For nearby
galaxies we can write the Hubble’s law:
v = H0d; (1.49)
H0 is called the Hubble constant. Equation 1.49 can be inferred theoretically (see e.g.
Landau & Lifshitz 1971).
Due to homogeneity and isotropy, if we consider two locations separated by l, we
have l(t) ∝ a(t); so the rate of change of the distance is:
v =
dl
dt
= Hl, (1.50)
where we define the Hubble constant, or more accurately, the Hubble parameter:
H(t) =
a˙
a
, (1.51)
that basically measures the rate of expansion.
The Hubble time is defined as:
tH = H
−1
0 , (1.52)
and the Hubble distance is defined as:
dH = cH
−1
0 . (1.53)
The Hubble volume is the region of the Universe surrounding an observer beyond
which objects recede from the observer at a rate greater than the speed of light, due to the
expansion of the Universe.
The boundary of the Hubble volume is known as the “Hubble limit”. Per Hubble’s
law, objects at the Hubble limit have an average comoving speed of c relative to an
observer on the Earth.
Given that the Hubble “constant” is not constant, in a decelerating Friedmann uni-
verse, the Hubble sphere expands faster than the Universe and its boundary overtakes
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light emitted by receding galaxies. In an accelerating universe, the Hubble sphere ex-
pands more slowly than the Universe, and bodies move out of the Hubble sphere. So the
Hubble limit does not define the cosmological event horizon (that represents the maxi-
mum distance at which events can currently be observed), because (depending upon the
cosmological model) light emitted at earlier times by objects outside the Hubble volume
still may eventually arrive inside the sphere and be seen by us (Davis & Lineweaver,
2004). If the expansion of the universe is in fact accelerating, then at a later time, some
objects within the Hubble limit no longer will be observed by us as they are today5.
Due to the nature of the spacetime in the framework of GR, we need to modify the
usual definition of distance in a static Euclidean geometry, and so there could be different
ways of measuring distances in cosmology.
Redshift
The expansion of the Universe causes the wavelength of light emitted by galaxies reced-
ing from us to be stretched proportionally to the rate of expansion of the Universe. This
stretch is quantified by the redshift z of the object observed:
z =
λobs − λem
λem
, (1.54)
where λobs and λem are the observed and emitted wavelengths, respectively. In a FLRW
Universe, the redshift is given by:
1 + z =
a(tobs)
a(tem)
, (1.55)
with obvious meaning of subscripts; if a(t) is a monotonic function, both the scale factor
and the redshift can be considered as temporal variables.
Distances
The first kind of distance we consider is the radial comoving distance dC , which remains
constant over time if the objects are moving according to the Hubble flow. It can be
computed setting ds2 = 0 in the FLRW metric, that gives:
dc = dH
∫ z2
z1
dz
E(z)
, (1.56)
5In the ΛCDM model in the far future it would not possible to observe distant galaxies anymore, see
Krauss & Scherrer 2007
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where dH is the Hubble distance, and from Section 1.1.7 we can write E(z) such as:
H2(z) ≡ H20E2(z) = H20
[
Ωm0(1 + z)
3 + Ωr0(1 + z)
4 + ΩK0(1 + z)
2 + ΩΛ0
]
.
(1.57)
The proper distance dP is defined by the distance travelled by a photon between
two events. It is calculated using the time-time component of the metric, by setting
dt2 = ∂dP , that gives:
dP = dH
∫ z2
z1
dz
(1 + z)E(z)
. (1.58)
An important definition of distance in cosmological observations is the luminosity
distance. In a Minkowski spacetime the absolute luminosity Ls of a stellar object at a
distance d is related to the energy flux F through F = Ls/(4pid2). In an expanding
Universe, the luminosity distance, dL, is defined as:
d2L =
Ls
4piF . (1.59)
We now consider an object with absolute luminosity Ls, at a coordinate distance χs from
an observer at χ = 0. The light traveling along the χ direction follows the geodesic
equation ds2 = −dt2 + a2(t)dχ2 = 0. We then obtain:
χs =
∫ χs
0
dχ =
∫ t0
t1
dt
a(t)
=
1
a0H0
∫ z
0
dz′
h(z′)
, (1.60)
where h(z) = H(z)/H0. Hence the observed energy flux, in a flat FLRW background,
is:
F = L0
4pi(a0χ)2
. (1.61)
Substituting Eqs. (1.60) and (1.61) in Equation (1.59), we obtain the luminosity distance
in an expanding universe with a flat FLRW background:
dL =
1 + z
H0
∫ z
0
dz′
h(z′)
. (1.62)
Thus the Hubble rate H(z) can be expressed as a function of dL(z):
H(z) =
[
d
dz
(
dL(z)
1 + z
)]−1
. (1.63)
If we measure the luminosity distance, we can therefore determine the expansion rate of
the universe.
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The energy density % on the right hand side of Equation 1.34 includes all components
present in the universe; then the Hubble parameter takes the form:
H2 = H20
∑
i
Ω0i(1 + z)
3(1+wi) , (1.64)
where:
Ω0i ≡ 8piGρ0i
3H20
=
ρ0i
ρ0c
, (1.65)
is the density parameter for an individual component at the present epoch. Hence the
luminosity distance in a flat geometry is given by:
dL =
(1 + z)
H0
∫ z
0
dz′√∑
i Ω0i(1 + z
′)3(1+wi)
. (1.66)
1.1.7 The Multi-Fluid Model of the Universe
In the ΛCDM model the Universe is comprised from several components; the total den-
sity parameter is:
Ωtot(t) = Ωr(t) + Ωm(t) + ΩK(t) + ΩΛ(t), (1.67)
where r,m,K,Λ stay for radiation, matter, curvature and cosmological constant, respec-
tively, and
Ωm(t) = Ωb(t) + ΩCDM(t), (1.68)
is the total matter, being the sum of baryonic and Cold Dark Matter components (see
below for details). The energy density of each species depends on its equation of state:
Ωi(t) =
Ω0i
a3(1+wi)
, (1.69)
where the subscript 0 refers to the present time. We will now briefly introduce the 4
components of the ΛCDM model:
Radiation
In this category in included the energy density of all the electromagnetic radiation and
relativistic matter (e.g. neutrinos), and its energy density is given by:
Ωr(t) =
Ω0r
a4
. (1.70)
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Matter
In the ΛCDM model there are two main non-relativistic matter components: luminous
baryonic matter, b, and non-luminous dark matter, CDM. The first is the usual matter
contained in stars, gas and dust, while the existence of Dark Matter has been postulated
to explain discrepancies between theory and observations. Its energy density is:
Ωm(t) =
Ω0m
a3
. (1.71)
Curvature
Observational data suggests that the spatial curvature of the Universe is very close to zero
(Komatsu et al., 2011), and its energy density is:
ΩK(t) =
1
a2
. (1.72)
Cosmological Constant
To explain the accelerated expansion of the Universe, an unknown form of energy has
been introduced in the form of a cosmological constant with equation of state w = −1.
In this case, its energy density is:
ΩΛ(t) = Ω0Λ; (1.73)
thus the cosmological constant contribution to the total matter-energy content of the Uni-
verse is negligible at early times, but is becomes dominant at late times.
1.2 Observational evidence for dark energy
While now several probes and observations concur to ΛCDM , we will now present the
first observational evidences that contributed to introduce the idea that a dark energy
component is required to fit observations.
Supernovæ Ia
The first direct evidence for the current acceleration of the expansion of the universe
come from the observation of luminosity distances of high redshift supernovae (Perlmut-
ter et al., 1999; Riess et al., 1998).
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Figure 1.1: Time evolution of the energy-density of matter, radiation and dark energy in
a ΛCDM Universe.
The apparent magnitude m of the source with an absolute magnitude M is related to
the luminosity distance dL via the relation (Padmanabhan, 2005):
m−M = 5 log10
(
dL
Mpc
)
+ 25 . (1.74)
The Type Ia Supernovæ (SN Ia) happen when white dwarf stars exceed the mass of
the Chandrasekhar limit and explode. The belief is that SN Ia are formed in the same way
irrespective of where they are in the universe, which means that they have a common ab-
solute magnitude M independent of the redshift z. Thus they can be treated as a standard
candle. We can measure the apparent magnitude m and the redshift z observationally.
The first observations by Perlmutter et al. (1999); Riess et al. (1998) have been su-
perceded by more recent and statistically significant ones (for a review of recent results
see e.g. Kowalski et al. 2008; Amanullah et al. 2010); now Supernovæ surveys are lim-
ited by systematic rather than statistical errors (Kessler et al., 2009). The revealation that
distant SNe appear fainter than they should given a purely matter dominated expansion,
suggests that the Universe has entered an epoch of accelerated expansion. In order to
explain these observations, we are required to introduce a late-time acceleration into our
cosmological model in the form of a cosmological constant.
It should be emphasized that the accelerated expansion is by cosmological standards
really a late-time phenomenon, starting at a redshift z ∼ 1. From Equation 1.64 the
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deceleration parameter, q ≡ −aa¨/a˙2, is given by:
q(z) =
3
2
∑
i Ω0i(1 + wi)(1 + z)
3(1+wi)∑
i Ω0i(1 + z)
3(1+wi)
− 1 . (1.75)
For the two component flat cosmology, the universe enters an accelerating phase (q < 0)
for:
z < zc ≡
(
2Ω0Λ
Ω0m
)1/3
− 1 . (1.76)
When Ω0m = 0.3 and Ω0Λ = 0.7, we have zc = 0.67. The problem of why an accelerated
expansion should occur now in the long history of the universe is called the “coincidence
problem”.
The age of the Universe
Another interesting evidence for the existence of a cosmological constant emerges when
we compare the age of the universe (t0) to the age of the oldest stellar populations (ts).
The age of the oldest stars has been constrained by several groups, and it is considered to
be around 12Gyr (Jimenez et al. 1996; Richer et al.2002; B. Hansen et al. 2002)
The age of the Universe can be calculated from Friedmann Equations 1.37:
H2 = H20 [Ω0r(a/a0)
−4 + Ω0m(a/a0)−3 + Ω0Λ − Ω0K(a/a0)−2], (1.77)
where Ω0r is the energy density of the radiation and Ω0K = K/(a20H
2
0 ) is the one due to
curvature. The age of the Universe is then given by:
t0 =
∫ t0
0
dt =
∫ ∞
0
dz
H(1 + z)
= (1.78)
=
∫ ∞
0
dz
H0x[Ω0rx4 + Ω0mx3 + Ω0Λ − Ω0Kx2]1/2 , (1.79)
where x(z) = 1+z; it can be seen that for a flat Universe without cosmological constant,
the age of the Universe would be less than the age of oldest stars (Copeland et al., 2006),
while in the ΛCDM model gives t0 ≈ 13.7Gyr, in agreement with the requirement
t0 > ts.
Cosmic Microwave Background
A more detailed introduction to the CMB is provided in Chapter 3; now we just mention
that the measurement of its power spectrum represent one of the most stringent confirma-
tions of the SCM (Komatsu et al., 2011). For example, the location of the first peak of its
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power spectrum corresponds to the size of the sound horizon at last-scattering, that cor-
responds to when CMB photons were scattered by matter for the last time. If we measure
the distance to the surface of last-scattering we can probe the geometry of the Universe,
measuring the energy density of it, with the different peaks probing combinations of
Ωi(t).
Galaxy Clustering
Galaxy surveys provide information about the build-up of large-scale structure through
Redshift Space Distortions. These arise because we do not observe true galaxy positions,
but instead infer distances from measured redshifts. Coherent comoving galaxy velocities
due to the growth of structure therefore lead to measurable anisotropic clustering (Kaiser,
1987; Hamilton, 1998). Observations of these galaxy peculiar velocities can distinguish
between classes of models (e.g. Jain & Zhang 2007; Song & Koyama 2009; Song &
Percival 2009). Many previous analyses have used RSD to measure the cosmological
growth rate using both the correlation function and power spectrum (see, for example,
Hawkins et al. (2003); Percival et al. (2004); Zehavi et al. (2005); Tegmark et al. (2006);
Guzzo et al. (2008); Cabre & Gaztanaga (2009); Song et al. (2010)).
The geometrical evolution of the Universe can most easily be measured using galaxy
clustering as a standard ruler to make precise measurement of cosmological expansion.
The possibility of using galaxy clustering to provide a standard ruler has become in-
creasingly important since the baryon acoustic peak was detected (Percival et al., 2001;
Cole et al., 2005; Eisenstein et al., 2005) in galaxy power spectra measured from the 2dF
Galaxy Redshift Survey (2dFGRS; Colless et al. (2003)) and the Sloan Digital Sky Sur-
vey (SDSS; York et al. (2000)). The Baryonic Acoustic Oscillations (BAO), are features
left in the matter distribution as a result of sound waves propagating in the baryon-photon
plasma at very early times 6. A spherical shell of baryons is driven away from pertur-
bations by a sound wave to a radius corresponding to the co-moving sound horizon at
recombination (Hu & Sugiyama, 1995). When photons and gas decouple, we are left
with a spherical shell of baryons surrounding a central concentration of dark matter and
a small increase in density at a location corresponding to the sound horizon at the end
of the Compton drag epoch. This increase in density can be detected as oscillations in
Fourier space and a peak in the correlation function in real space. Using only the BAO
component of the galaxy clustering signal makes constraints robust to non-linear effects,
and has already been exploited to produce constraints on cosmological models (Percival
6A clear explanation of the BAO can be found at http://cmb.as.arizona.edu/ eisenste/acousticpeak/acoustic-
physics.html
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et al., 2007b,a; Gaztanaga et al., 2008; Sa´nchez et al., 2009; Percival et al., 2010; Blake
et al., 2011b).
As the aim of this thesis is to test cosmological structure growth we will return to
these measurements and techniques in detail in Chapter 2.
1.3 Cosmological Models
We have seen that the ΛCDM model is in a good agreement with most of current ob-
servations and it represents our best fit to cosmological parameters; however, it is a phe-
nomenological model with no strong theoretical foundation. Many different mechanisms
have been suggested to explain the observed late-time acceleration of the expansion of
the Universe; differentiating between these options is one of the main challenges facing
cosmologists today. We can try to build up the evidence for different mechanisms by
examining the evolution of the Universe in two key ways: measuring the background
geometry and measuring structure formation within it.
Measurements available in the next years will help us to improve the precision in
the measurements of several cosmological parameters, so it is important develop param-
eterisation of cosmological models to test. As we saw, one of the biggest mysteries in
reconciling data with theory is the recent accelerated expansion of the Universe. Many
models, based on different modifications of the standard physical picture, have been pro-
posed recently (e.g. DGP (Dvali et al., 2000a,b), Galileons (Nicolis et al., 2009; Chow &
Khoury, 2009; Silva & Koyama, 2009; De Felice & Tsujikawa, 2010), f(R) (Capozziello
& Fang, 2002; Capozziello et al., 2003; Carroll et al., 2004; Nojiri & Odintsov, 2003),
scalar-tensor theories (Amendola, 1999; Chiba, 1999; Bartolo & Pietroni, 2000; Perrotta
et al., 2000), quintessence (Wetterich, 1988; Ratra & Peebles, 1988; Chiba et al., 1997;
Carroll, 1998), K-essence (Chiba et al., 2000; Armendariz-Picon et al., 2000, 2001),
phantom (Caldwell, 2002), quintom (Feng et al., 2005), Unified Dark Matter (Bertacca
et al., 2010; Urakawa & Kobayashi, 2010); some based on exotic physics, including
the multiverse (Tegmark, 2003; Aguirre & Tegmark, 2005; Robles-Pe´rez et al., 2007),
multidimensions (Arkani-Hamed et al., 1999, 2000), tachyons (Padmanabhan, 2002), the
anthropic principle (Linde, 1984; Weinberg, 1987, 1989; Efstathiou et al., 1990; Garriga
& Vilenkin, 2000; Garriga et al., 2004; Blumenhagen et al., 2005), ekpyrotic universe
(Steinhardt & Turok, 2002a,b))
A review of these models is beyond the remit of this work, and we refer to recent
reviews for a more comprehensive list and details about them (e.g. Copeland et al. 2006;
Tsujikawa 2010a,b; Wang & Wang 2011; Li et al. 2011; Frieman et al. 2008; Clifton et al.
2011; Durrer & Maartens 2008).
CHAPTER 1. INTRODUCTION 22
Here we can classify them in three main categories: dark energy models, modified
gravity models, and inhomogeneous models, based on which part of the standard model
they propose to modify.
We recall that two pillars of the SCM are the Einstein field equations and the cosmo-
logical principle.
We can write Einstein’s equations (1.24) as:
Gµν = 8piGTµν , (1.80)
where Gµν is the Einstein tensor, Tµν is the energy-momentum tensor and G is Newton’s
gravitational constant. It is possible to modify either sides of Equation 1.80 in order
to explain the acceleration of the expansion of the Universe. We will now present two
parameterisations of the modification of the left and right hand side of Equation 1.80,
accounting for the dark energy and modified gravity scenarios. We will use these pa-
rameterisations in Chapter 4 to test how well forthcoming radio surveys will be able
to measure cosmological parameters using different probes (see also Raccanelli et al.
(2011)).
1.3.1 Dark Energy
In the cosmological framework of General Relativity, it is necessary to modify Equa-
tion 1.24 to account for the observed acceleration of the expansion of the Universe; the
simplest modification we can make is the introduction of a cosmological constant, that,
as first suggested by Zeldovich (1967), can be interpreted as vacuum energy; in this case
one modifies the right hand side of Equation 1.24:
Gµν = Tµν + T
vac
µν , (1.81)
where throughout this section we set G = 1/8pi and c = 1 for simplicity, and:
T vacµν = −Λgµν . (1.82)
The first step toward understanding the nature of dark energy is to clarify whether it is a
simple cosmological constant or it originates from other sources that dynamically change
in time.
The Cosmological Constant
The cosmological constant was introduced by Einstein in his field equations in order to
obtain a static and finite cosmological solution “as required by the fact of the small veloci-
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ties of the stars” and to be consistent with Mach’s principle (Einstein, 1917). In Einstein’s
solution, space is positively curved,Rcurv = 1/
√
4piG%M , and the “repulsive gravity” of
Λ is balanced against the attractive gravity of matter, %Λ = %M/2. Friedman (1922) and
Lemaıˆtre (1927) independently showed that cosmological solutions with matter and Λ
generally involved expansion or contraction, and Lemaıˆtre (1927) showed that Einstein’s
static solution was unstable to expansion or contraction. With Hubble’s discovery of the
expansion of the Universe in 1929 (Hubble, 1929), Einstein’s primary justification for
introducing the cosmological constant was lost, and he advocated abandoning it. Gamow
later wrote (Gamow, 1970) that Einstein called this “his greatest blunder”, since he could
have predicted the expanding Universe; however, one could argue that in fact Friedmann
and Lemaıˆtre (or de Sitter) had predicted the expansion of the Universe. Indeed, Hub-
ble noted that his linear relation between redshift and distance was consistent with the
prediction of the de Sitter model (Hubble, 1929).
From a physical point of view this Λ represents the energy-momentum tensor of the
vacuum, that would act on large scale as a repulsion; this arises naturally from particle
physics considerations, but it would lead to a much higher than observed energy density,
known as “the cosmological constant problem” (see Section 1.3.2 and Weinberg (1989)).
Since the metric gµν is constant with respect to covariant derivatives (∇αgµν = 0),
there is a freedom to add a term Λgµν in the Einstein equations (Dadhich, 2004, 2005).
The modified Einstein equations are then given by:
Rµν − 1
2
gµνR + Λgµν = 8piGTµν . (1.83)
By taking a trace of this equation, we find that −R + 4Λ = 8piGT . Combining this
relation with Equation (1.83), we obtain:
Rµν − Λgµν = 8piG
(
Tµν − 1
2
Tgµν
)
. (1.84)
The 00 component of Equation (1.84) gives:
∆Φ = 4piG%− Λ . (1.85)
In order to reproduce the Poisson equation in Newtonian gravity, we require that
Λ = 0 or Λ is sufficiently small relative to the 4piG% term in Equation (1.85). Since
Λ has dimensions of [Length]−2, the scale corresponding to the cosmological constant
needs to be much larger than the scale of stellar objects on which Newtonian gravity
works well. In other words the cosmological constant becomes important on very large
scales.
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In the FLRW background given by (1.8) the modified Einstein equations (1.83) give
H2 =
8piG
3
%− K
a2
+
Λ
3
, (1.86)
a¨
a
= −4piG
3
(%+ 3p) +
Λ
3
. (1.87)
That shows that the cosmological constant contributes negatively to the pressure term and
hence exhibits a repulsive effect.
For a static universe (a = const) without Λ, setting H = 0 and a¨/a = 0 in Equa-
tion (1.37) and (1.38), we have:
% = −3p = 3K
8piGa2
. (1.88)
Equation (1.88) shows that either % or p needs to be negative. Einstein, trying to construct
a static universe, considered that the above solution is not physical, and so added the
cosmological constant to the original field equations (1.24).
Using the modified field Equations (1.86) and (1.87) in a dust-dominated universe
(p = 0), we find that the static universe obtained by Einstein corresponds to:
% =
Λ
4piG
,
K
a2
= Λ . (1.89)
Since % > 0, Λ > 0. This means that the static universe is closed, with a radius a =
1/
√
Λ . Equation (1.89) shows that the energy density % is determined by Λ.
Einstein abandoned the static universe model after the discovery of the redshift of
distant stars, but the same cosmological constant returned as a possible explanation of
the observed acceleration of the expansion of the Universe. Introducing the modified
energy density and pressure:
ρ˜ = ρ+
Λ
8piG
, p˜ = p− Λ
8piG
, (1.90)
we find that Equations (1.86) and (1.87) reduce to Equations (1.37) and (1.38).
1.3.2 Fine tuning problem
If the cosmological constant originates from a vacuum energy density, then this suffers
from a severe fine-tuning problem. Observationally we know that Λ is of order the present
value of the Hubble parameter H0, that is
Λ ≈ H20 = (2.13h× 10−42 GeV)2 . (1.91)
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This corresponds to a critical density ρΛ:
ρΛ =
Λm2pl
8pi
≈ 10−47 GeV4 , (1.92)
while a theoretical estimate of the vacuum energy density is:
ρvac ≈ 1074 GeV4 , (1.93)
which is about 121 orders of magnitude larger than the observed value given by Equa-
tion (1.92). There are different possible theoretical approaches to try to solve this prob-
lem, but no one yet was satisfactory in solving it (e.g. SUSY may alleviate the difference
in energy density, but still leaves several orders of magnitude difference between ob-
served and predicted value); another possibility involves presuming the vacuum energy
to be zero due to some as yet unknown mechanism, and investigate the possibility that
the dark energy is caused by the dynamics of a light scalar field or some other physical
mechanism.
It is also interesting to note that there have been experiments trying to detect dark
energy in laboratories (e.g. Beck & Mackey 2005; Beck 2006; Jetzer & Straumann 2006;
Doran & Jaeckel 2006; Adler et al. 2011), but no one has been successful yet.
1.3.3 Modified Gravity
An intriguing alternative to dark energy for the explanation of the accelerated expansion
of the universe is the “modified gravity” or “dark gravity” approach (see e.g. Durrer
& Maartens 2008), which states that gravity needs to be modified, i.e. weakened on
large-scales; an attractive feature of modified gravity models is that one can alter the
Einstein-Hilbert action so that accelerated solutions of the background of the Universe
can be obtained without the need for a dark energy component.
In this case we modify the geometric side of Equation 1.24:
Gµν +G
dark
µν = Tµν , (1.94)
Modified gravity models can mimic the ΛCDM model in the sense that they match
the background expansion, but in general they predict different dynamics for the growth
of cosmic structures. Several approaches have been and are being considered to param-
eterise modifications of GR (for a recent review see Linder 2011). Here we follow Zhao
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et al. (2010) and consider scalar metric perturbations around a FLRW background for
which the line element in the conformal Newtonian gauge is:
ds2 = −a2(τ) [(1 + 2Ψ) dτ 2 − (1− 2Φ) d~x2] , (1.95)
where Φ and Ψ are functions of time and space.
We use the following parameterisation to describe the relations specifying how the
metric perturbations relate to each other, and how they are sourced by the perturbations
of the energy-momentum tensor:
Φ
Ψ
= η(a, k), (1.96)
Ψ =
−4piGa2µ(a, k)%∆
k2
, (1.97)
where ∆ is the gauge-invariant comoving density contrast defined as:
∆ ≡ δ + 3aH
k
v , (1.98)
where δ is the overdensity and v the velocity; η(a, k) and µ(a, k) are two time- and
scale-dependent functions encoding the modifications of gravity that can be written as:
η(a, k) =
1 + β1λ
2
1k
2as
1 + λ21k
2as
, (1.99)
µ(a, k) =
1 + β2λ
2
2k
2as
1 + λ22k
2as
, (1.100)
where λ2i and βi are parameters and a
s gives the time dependence of the deviation from
GR; η(a, k) = µ(a, k) = 1 in GR, while in a modified gravity model µ and η can in
general be functions of both time and scale (Bertschinger & Zukin, 2008; Zhao et al.,
2009; Linder, 2011).
1.3.4 Inhomogeneous Models
Another possible solution to the (possibly apparent) “recent” acceleration of the expan-
sion of the Universe has been suggested; instead of modifying Einstein’s equation, it
could be possible that the Cosmological Principle is not correct, and so this would open
the possibility of studying inhomogeneous models. If the Universe is spatially inho-
mogeneous on Hubble scales, the acceleration could be apparent and it would not be
necessary to postulate dark energy as responsible for that. Recent reviews on inhomoge-
neous cosmology are e.g. Maartens (2011); Ellis (2011). A further possibility that has
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been investigated involves backreaction effects (e.g. Barausse et al., 2005; Kolb et al.,
2005a,b, 2006).
1.4 Thesis Summary
We have seen in this Chapter that the standard ΛCDM model for cosmology represents
a good fit to most of the observations we have, but it is a phenomenological model with
no strong theoretical foundation, so one of the biggest challenges in cosmology (but
important for the entire physics) will be to understand if this is the correct model (and so
try to find a theoretical framework for it) or if a model with some sort of “new” physics
will take place as the standard one. Data available in the next years will allow us to
constrain much better the cosmic expansion history, the geometry of the Universe and
the growth of structures within it.
For this reason in this thesis we focused on observational tests of one of the key as-
pects of a cosmological model, the growth of structures; this allowed us to perform tests
of cosmological models and General Relativity. We performed studies of the evolution
of growth and clustering of cosmological structures and the evolution of the gravitational
potential, comparing effects that depend on them against observations coming from var-
ious datasets. In particular:
i) in Chapter 2 we test the growth of structures and their clustering using Redshift-
Space Distortions (RSD); to do that we implemented the wide angle formalism into
a practical approach to measure the clustering of galaxies with wide angular separa-
tion; this will be particularly useful for forthcoming wide spectroscopic galaxy sur-
veys, such as BOSS (Schlegel et al., 2009), BigBOSS (Schlegel et al., 2011), Euclid
(Laureijs, 2009) and WFIRST (Green et al., 2011). After a general introduction of
RSD, we explain this methodology and test it using N-body simulations, highlight-
ing the deviations from the standard approximated analysis (based on Raccanelli,
Samushia, & Percival, 2010).
Then we investigate the significance of a series of other systematics when we mea-
sure the clustering on large scales, analysing LRGs observed with SDSS-II (Abaza-
jian et al., 2009a) (based on Samushia, Percival, & Raccanelli, 2011);
ii) in Chapter 3 we use the Integrated Sachs-Wolfe (ISW) effect to test a cosmological
models. After introducing this effect, that probes the evolution of the gravitational
potential and of the clustering, we present a test of a parameter of a cosmological
model alternative to ΛCDM (based on Bertacca, Raccanelli, Piattella, Pietrobon,
Bartolo, Matarrese, & Giannantonio, 2011b), and a test of a model for the evolution
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of low frequency radio sources (based on Massardi, Bonaldi, Negrello, Ricciardi,
Raccanelli, & de Zotti, 2010);
iii) in Chapter 4 we forecast cosmological measurements it will be possible to obtain
using forthcoming radio surveys, such as LOFAR (Rottgering et al., 2011), EMU
(Norris et al., 2011), WODAN (Rottgering et al., 2011), that will provide com-
plementary informations to the ones coming from spectroscopic surveys. We use
different probes to predict the precision it should be possible to obtain in the mea-
surements of parameters describing the dark energy component or deviations from
General Relativity (based on Raccanelli et al., 2011);
iv) finally, in Chapter 5 we draw our conclusions, summarising our work and its impli-
cations for cosmology and briefly indicating possible future works.
Chapter 2
Redshift-Space Distortions
The presence of a dark energy component in the energy-density of the Universe (or the
fact that our theory of gravity needs to be modified on large scales), along with other
effects, modifies the gravitational growth of large-scale structures. The large-scale struc-
ture we see traced by the distribution of galaxies arises through gravitational instability,
which amplifies primordial fluctuations that originate in the very early Universe; the rate
at which structure grows from small perturbations offers a key discriminant between cos-
mological models, as different models predict measurable differences in the growth rate
of large-scale structure with cosmic time (e.g. Jain & Zhang 2007; Song & Koyama 2009;
Song & Percival 2009). For instance, dark energy models in which general relativity is
unmodified predict different Large-Scale Structure formation compared with Modified
Gravity models with the same background expansion (e.g. Dvali et al. 2000a; Carroll
et al. 2004; Brans 2005; Nesseris & Perivolaropoulos 2008).
Observations of Redshift Space Distortions (RSD) in spectroscopic galaxy surveys
are a promising way to study the pattern and the evolution of the Large Scale Structure of
the Universe (Kaiser 1987, Hamilton 1998), as they provide constraints on the amplitude
of peculiar velocities induced by structure growth, thereby allowing tests of the theory of
gravity governing the growth of those perturbations.
RSD arise because we infer galaxy distances from their redshifts using the Hubble
law: the radial component of the peculiar velocity of individual galaxies will contribute
to each redshift and be misinterpreted as being cosmological in origin, thus altering our
estimate of the distances to them (see Figure 2.1). The measured clustering of galaxies
will therefore be anisotropic and the additional radial signal can be used to determine the
characteristic amplitude of the pair-wise distribution of the peculiar velocities at a given
scale, which in turn depends on the growth rate.
RSD have been measured using techniques based on both correlation functions and
power-spectra (Peacock et al., 2001; Hawkins et al., 2003; Percival et al., 2004; Pope
29
CHAPTER 2. REDSHIFT-SPACE DISTORTIONS 30
et al., 2004; Zehavi et al., 2005; Tegmark et al., 2006; Okumura et al., 2008; Cabre &
Gaztanaga, 2009; Song et al., 2010), and have recently been detected at higher redshift
(Guzzo et al., 2008; Blake et al., 2011a).
A key element of Redshift-Space Distortions is that the motion of galaxies is in-
dependent of galaxy properties and the bias relating the visible matter to the mass, so
measurements of peculiar velocity probe directly the matter distribution. They also are
complementary to other probes, given that they depend on temporal metric perturbations,
while e.g. weak lensing depend on the sum of the temporal and spatial metric perturba-
tions and the Integrated Sachs-Wolfe effect depend on the sum of their derivatives.
In general these studies used clustering information over a small range of scales, and
a simplified modelling procedure in order to make the measurements. In this work we
extended the model in order to include the geometry of the system in a more realistic
way, i.e. dropping the “plane-parallel” approximation (see Section 2.5.1 and Raccanelli,
Samushia, & Percival 2010) and then compare this improvement with other possible
systematics (see Section 2.7 and Samushia, Percival, & Raccanelli 2011).
In the first part of this Chapter we will review the physics of Redshift-Space Distor-
tions and its mathematical description in order to be able to use them to test cosmological
models and parameters. In the second part we will present the original contributions of
this work on RSD analyses, that are based on two papers:
i) in Raccanelli, Samushia, & Percival (2010) we proposed a new methodology to anal-
yse Redshift-Space Distortions in wide angle surveys and tested it with cosmological
N-body simulations;
ii) in Samushia, Percival, & Raccanelli (2011) we analysed SDSS DR7 data implement-
ing wide-angle and other corrections useful to improve the understanding of large
scale Redshift-Space Distortions measurements; in this work I helped developing
the theoretical part and writing the paper.
2.1 Real and Redshift Space
The total velocity of a galaxy is the combination of the velocity due to the Hubble expan-
sion and the peculiar velocity due to the local matter density distribution. The relation
between the redshift- and real-space positions is:
s(r) = r+ v(r)rˆ, (2.1)
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where s is the redshift space position, r the real space one, and vr the velocity in the
radial direction (see Figure 2.1). From here on we will denote quantities in redshift space
with a superscript s and with r the ones in real space.
??????	 ????
????????	 ????????
Figure 2.1: The measured velocity of a galaxy is a combination of a component due to
the Hubble flow and a component due to local motion caused by the matter distribution.
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Let ρ(r) denote the density of matter at the position r in the Universe, and ρ¯ the mean
density, a constant in space. We can define the overdensity δ(r) at position r as:
δ(r) ≡ ρ(r)− ρ¯
ρ¯
. (2.2)
The properties of statistical homogeneity and isotropy attributed to the density field
are theoretical hypotheses that can be tested against observed data, though never really
proven.
A survey is characterised by its selection function n¯(r), which is the expected mean
number of galaxies at position r given the selection criteria (e.g. the flux limit) of the
survey. The observed galaxies then form a Poisson process on the underlying population,
and the selection function n¯(r) is interpreted as specifying the probability (in units of
number of galaxies per unit volume) of including a galaxy at position r into the survey.
Let n(r) denote the observed number density of galaxies at the position r in a survey;
this is a sum of delta functions, since galaxies come as discrete units. The observed
galaxy overdensity δobs(r) is then defined by:
δobs(r) ≡ n(r)− n¯(r)
n¯(r)
. (2.3)
2.2 Correlation Function and Power Spectrum
The statistical properties of the overdensity field are completely determined by its irre-
ducible moments, or n-point correlation functions. If fluctuations generated in the early
Universe were the result of a superposition of many independent random processes, as
for example quantum fluctuations during inflation, then the Central Limit Theorem guar-
antees that the fluctuations will form a multivariate Gaussian field. In the case of a mul-
tivariate Gaussian random field by definition all correlation functions of order higher
than the third must vanish, and so the first two moments completely specify the statisti-
cal properties of the field. Fluctuations on large, linear scales today would then also be
Gaussian. However, once density fluctuations grow large, they cannot remain Gaussian,
since density must remain positive; thus on small, nonlinear scales the third and higher
order correlation functions must be non-vanishing. The first two irreducible moments are
the mean, a constant in space, and the covariance, or 2-point correlation function, that is
a function of separation.
For this reason, the most basic and interesting statistic that can be constructed from
the overdensity field is its variance, its second irreducible moment, or the correlation
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Figure 2.2: Effect of Redshift-Space Distortions on large scale distribution of galax-
ies around an overdensity; galaxies move towards the centre of the overdensity (Kaiser,
1987).
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function ξ(r12) (also known as the 2-point correlation function, or 2-point function, or
covariance function, or autocovariance function), defined as:
ξ(r12) ≡ 〈δ(r1)δ(r2)〉 ; (2.4)
the assumption that the density field is statistically homogeneous and isotropic means that
the correlation function ξ(r12) is a function only of the scalar separation r12 ≡ |r1 − r2|
of the points r1 and r2.
Equation (2.4) states that the expectation value of the product of overdensities at a
pair of randomly positioned points separated by r12 in the Universe is ξ(r12). Physically,
the correlation function of galaxies ξ(r12) is the mean overdensity of neighbours at a
distance r12 around a random galaxy (Peebles, 1980).
The correlation function is the Fourier transform (here denoted with aˆ) of the power
spectrum, that by definition is the covariance of Fourier modes, that can be defined as:
δˆ(k) ≡
∫
eik·rδ(r)d3r, (2.5)
where:
δ(r) =
1
(2pi)3
∫
e−ik·rδˆ(k) d3k. (2.6)
So the power spectrum can be written as:
〈δˆ(k1) δˆ(k2)〉 =
∫
eik1·r1+ik2·r2ξ(r12) d3r1d3r2, (2.7)
Since the correlation function ξ(r12) is a function only of separation, Equation 2.7 re-
duces to:
〈δˆ(k1) δˆ(k2)〉 = (2pi)3δD(k1 + k2)P (k1) , (2.8)
where P (k) is also called the power spectrum,
P (k) ≡
∫
eik·rξ(r) d3r, (2.9)
and where:
ξ(r) =
1
(2pi)3
∫
e−ik·rP (k)d3k. (2.10)
The 3-dimensional Dirac delta function δD(k1 + k2) in Equation (2.8) expresses the as-
sumed translation invariance, i.e. statistical homogeneity, of clustering, while the fact that
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P (k) is a function only of the absolute value k of the wavevector k expresses statistical
isotropy. The definition (2.7) is equivalent to the:
〈δˆ(k1)δˆ∗(k2)〉 = (2pi)3δD(k1 − k2)P (k1), (2.11)
but (2.7) is more useful when dealing with higher order correlations 〈δˆ(ki)〉, with i > 2.
The power spectrum of large scale structure in the Universe was first measured by Yu
& Peebles (1969); the fundamental advantage of the unredshifted power spectrum is that
the Fourier modes of a statistically homogeneous random field are uncorrelated: their
covariance matrix 〈δˆ(k1)δˆ(k2)〉 is a diagonal matrix (see Equation 2.8). The statistical
orthogonality of Fourier modes does imply that they are independent in the case of a
multivariate Gaussian field, and this is its advantage over the real (as opposed to Fourier)
space correlation function.
The statistical orthogonality of the (true, unredshifted) Fourier modes is intimately
associated with the assumed translation invariance of the statistical properties of the den-
sity field. As is familiar from quantum mechanics, the translation operator, the generator
of an infinitesimal translation, is −i∂/∂r, which is also the momentum operator k (Lan-
dau & Lifshitz, 1965). The eigenfunctions of the translation operator−i∂/∂r are just the
Fourier modes δˆ(k), with eigenvalues k.
The statistical orthogonality of Fourier modes windowed through any finite survey
(i.e., if the overdensity is multiplied by the, possibly weighted, selection function of the
survey) is destroyed by the fact that the survey is not translation invariant, especially at
wavelengths approaching the size of the survey. Ways to construct statistically orthogonal
modes in real surveys are described by Vogeley & Szalay (1996); Tegmark et al. (1997).
2.3 Linear Redshift-Space Distortions
Large scale redshift space distortions represent a problem that can be turned into a useful
probe; the possibility of using them to measure the cosmological matter-energy density
was proposed by Sargent & Turner (1977); Peebles (1980), and then mathematically
described by Kaiser (1987). Analysing the physical mechanism that gives origin to RSD
we can understand how to use them to extract informations useful to test our hypothesis
about the physics describing the Universe.
2.3.1 Cosmic Structure Growth
Galaxies move with the flow of mass and so they will contribute to grow overdense
regions and empty underdense regions. The proper peculiar velocity v of a galaxy is its
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proper velocity in the comoving frame:
v ≡ a dr
H0a0dt
=
dr
dτ
, (2.12)
where t is proper time, τ is the dimensionless conformal time defined by dτ ≡ H0a0dt/a,
and a(τ) is the cosmic scale factor.
At this point it is necessary to distinguish carefully between matter, which satisfies a
continuity equation, and galaxies, which, because of galaxy formation and merging, do
not.
The continuity, Euler, and Poisson equations for matter in a perturbed Friedmann-
Lemaıˆtre-Robertson-Walker Universe are, expressed in the comoving coordinate system
(Hui & Bertschinger, 1996) as:
∂δm
∂τ
+∇ · (1 + δm)vm = 0 , (2.13)
∂avm
a ∂τ
+ vm ·∇vm = −∇φ , (2.14)
∇2φ = 4piGρ¯ma
2δm
H20a
2
0
=
3ΩmH
2a2δm
2H20a
2
0
, (2.15)
where the subscript m indicates matter,∇ ≡ ∂/∂r is the comoving gradient, ρ¯m ∝ a−3
is the proper mean matter density, and the cosmological matter density Ωm and Hubble
constant H both evolve in time. In the linear regime, where |δm|  1, the continuity
equation reduces to:
∂δm
∂τ
+∇ · vm = 0, (2.16)
while the Euler equation becomes:
∂avm
a ∂τ
= −∇φ . (2.17)
We can decompose the peculiar velocity into its longitudinal (or gradient, or irrotational,
or scalar) and transverse (or curl, or rotational, or vector) parts:
vm = v
//
m + v
⊥
m, (2.18)
in which the longitudinal part v //m = ∇ψ is the gradient of a scalar potential ψ, while
the transverse part v⊥m = ∇×A is the curl of a vector potential A; the linearised Euler
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equation (2.17) then becomes:
∂av //m
a∂τ
= −∇φ, (2.19)
∂av⊥m
a∂τ
= 0. (2.20)
Equation (2.20) shows that the curl part of the velocity decays as v⊥m ∝ a−1 as the
Universe expands; if GR is correct and in absence of a mechanism to generate vorticity,
it is equal to zero, so the peculiar velocity in the linear regime should be pure gradient.
In linear perturbation theory, it is possible to describe the growth of a generic small
amplitude density fluctuation through a second-order differential equation, when the lin-
earised continuity (2.16), Euler (2.17), and Poisson (2.15) equations are combined, the
result being a second order linear differential equation for the overdensity δm:
δ¨m + 2H ˙δm − 4piG%δm = 0. (2.21)
The physical interpretation of Equation 2.21 is that the perturbations grow according to
a source term involving the amount of matter able to cluster and are diluted by a term
arising from the expansion of the universe; when further combined with the unperturbed
solution for the evolution a(τ) of the cosmic scale factor, it leads to growing and decaying
solutions (Peebles, 1980; Padmanabhan, 1993):
δm(r, a) ∝ D(a), (2.22)
which evolve in time without change of shape. The interesting solution is the unstable,
growing solution, and D(a) is the linear growth factor of the growing mode:
Haf
H0a0
δm +∇ · vm = 0 (2.23)
where f is the dimensionless linear growth rate of the growing mode, given by the loga-
rithmic derivative of the linear growth rate with respect to the scale factor:
f ≡ H0a0
Ha
d lnD
dτ
=
d lnD
d ln a
, (2.24)
that measures how rapidly structures in the Universe are growing as a function of cosmic
time or redshift.
Equation 2.23 is the continuity equation for the matter; to go from this to the conti-
nuity equation for galaxies we need to introduce the bias. This is a factor that accounts
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for the fact that galaxies form in dark matter halos and don’t trace perfectly the underly-
ing matter distribution; thus, when we observe a galaxy distribution we need a model to
relate that distribution of visible matter to the distribution of the mass.
The simplest model of bias postulates that the galaxy overdensity δ is linearly biased
by a constant factor, the linear bias factor b, relative to the underlying mass density δm,
so that:
δ = bδm , (2.25)
whereas galaxy velocities faithfully follow the velocity of matter:
v = vm . (2.26)
The linear biasing model (2.25) was originally motivated by threshold biasing, in which
galaxies are supposed to form only where the matter density exceeds a certain threshold
(Kaiser, 1984), and by peaks biasing where galaxies form at the peaks of the matter
density (Bardeen et al., 1986). These models predict that, at least in some regimes, the
galaxy correlation function ξ(r12) ≡ 〈δ(r1)δ(r2)〉 should be amplified over the matter
correlation function ξm(r12) ≡ 〈δm(r1)δm(r2)〉 by an approximately constant factor:
ξ(r12) ≈ b2ξm(r12) . (2.27)
It is however still unclear how to carefully model the bias and its redshift and scale
dependence.
The linearised continuity Equation (2.23) for the matter, evaluated at the present time,
together with the linear bias model (2.25), yield the linearised continuity Equation (2.29)
for galaxies, where the dimensionless quantity β is related to the value of the linear
growth rate f , Equation (2.115), and the bias factor b, Equation (2.25), by:
β =
f
b
. (2.28)
More precisely, the value of β that is measured from redshift distortions in the linear
regime is the value that solves the linearised continuity equation:
βδ +∇.v = 0 . (2.29)
If the matter peculiar velocity vm is curl-free in the linear regime and the galaxy
velocity is unbiased (Equation (2.26), then the galaxy peculiar velocity field v is also
curl-free in the linear regime. The linearised galaxy continuity Equation 2.29 then implies
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that the galaxy peculiar velocity v is related to the galaxy overdensity δ at the present day
by:
v = −β∇∇−2δ (2.30)
where ∇−2 is the inverse Laplacian. All measurements of β in the linear regime are in
effect measurements of the ratio of the peculiar velocity v to the galaxy overdensity δ,
the (testable) relation (2.30) being assumed to hold true.
2.3.2 The Linear Redshift Distortion Operator
In linear regime, the overdensity in redshift space, δs, is related to the overdensity in real
space, δr by an operator, S (Hamilton, 1998):
δs = Sδr (2.31)
S is a linear operator, that is a matrix in Hilbert space (like the linear operators of quantum
mechanics), and it is called the Redshift Distortions Operator.
To derive the expression for the linear redshift distortion operator, we can start from
the conservation equation for galaxies, which expresses the fact that peculiar velocities
displace galaxies (in the radial direction), but the number of galaxies does not change.
The number N s(s)d3s of galaxies observed in an interval d3s of redshift space in a red-
shift survey is related to the real space number density N r(r) by:
N s(s) d3s = N r(r)d3r. (2.32)
In terms of the redshift space overdensity δs(s), the galaxy conservation Equation (2.32)
is
n¯(s)
[
1 + δs(s)
]
s2ds = n¯(r)
[
1 + δ(r)
]
r2dr . (2.33)
Where the relation between the redshift position s and real one r is given by Equation 2.1:
s(r) = r+ v(r)rˆ; (2.34)
substituting from it, Equation (2.33) can be rewritten as:
1 + δs(s) = [1 + δr(r)]
r2
(r + v)2
N¯(r)
N¯(r+ vrˆ)
dr
ds
, (2.35)
that can be written as:
1 + δs(s) = [1 + δr(r)]
(
1 +
∂v
∂r
)−1 (
1 +
v
r
)−2 N¯(r)
N¯(r+ vrˆ)
. (2.36)
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Equation (2.36) is exact, including both the linear and nonlinear regimes.
The next step is to linearise Equation (2.36).
The linear theory assumes that |δ(r)|  1, which also gives |∂v/∂r|  1; we also
have to assume that peculiar velocities v of galaxies are small compared to their distances
r from the observer, |v|  r.
Then to linear order Equation 2.36 reduces to:
δs(r) = δ(r)−
(
∂
∂r
+
α(r)
r
)
v (2.37)
where α(r) is the logarithmic derivative of r2 times the real space selection function n¯(r):
α(r) ≡ ∂ ln r
2n¯(r)
∂ ln r
, (2.38)
and we used the fact that δs(s) = δs(r) to linear order.
In linear theory, the peculiar velocity v is given by Equation (2.30), so the line-of-
sight component v of the peculiar velocity is:
v = −β ∂
∂r
∇−2δ . (2.39)
Inserting this formula into Equation (2.37) gives the distortion Equation (2.31) with the
redshift distortion operator S, that is an integro-differential operator, given by:
S = 1 + β
(
∂2
∂r2
+
α(r)∂
r∂r
)
∇−2, (2.40)
where α and β are given in Equation (2.38, 2.28). In the linear regime thus we can rewrite
Equation 2.37 as:
δs(r) = δr(r)
[
1 + β
(
∂2
∂r2
+
α(r)∂
r∂r
)
∇−2
]
. (2.41)
It follows from Equation (2.37) that the redshift space correlation function ξs(r12,
r1, r2), Equation (2.4), in the linear regime is related to its unredshifted counterpart
ξr(r12) by:
ξs(r12, r1, r2) = 〈δs(r1)δs(r2)〉 = S1S2 ξr(r12) = (2.42)
=
[
1 + β
(
∂2
∂r21
+
α(r1)∂
r1∂r1
)
∇−21
]
·
[
1 + β
(
∂2
∂r22
+
α(r2)∂
r2∂r2
)
∇−22
]
ξr(r12) .
This equation is correct for observers who are located randomly in the Universe, who are
at rest with respect to the CMB. In a real redshift survey, where the overdensity field is
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sampled by discrete galaxies, the correlation function of the observed overdensity field
contains an additional shot noise term.
2.4 The Plane-Parallel Approximation
If we assume that in ξ(r12, r1, r2) the distance between the observer and the galaxies
considered ri is much larger than the one between the two galaxies rij , then we can use
the distant observer, or plane-parallel, approximation; this is the case that is most often
used in the analyses of galaxy surveys.
In this approximation, the (1 + v
r
)2 term in Equation 2.36 is omitted because, in the
linear regime, it gives rise to a 2v
r
term, that would tend to zero at large distances.
Therefore, α(r) = 0, so the redshift distortion operator becomes:
Sp = 1 + β
∂2
∂z2
∇−2. (2.43)
where the superscript p indicates the plane parallel approximation for the operator S and
z is the distance along the line of sight.
In Fourier space,
∂2
∂z2
∇−2 = k
2
z
k2
= µ2k, (2.44)
where
µk ≡ zˆ · kˆ, (2.45)
is the cosine of the angle between the wavevector k and the line of sight z. Thus in Forier
space the plane-parallel distortion operator reduces to a diagonal operator:
Sp = 1 + βµ2k, (2.46)
so that a Fourier mode δˆs(k) in redshift space is simply equal to the unredshifted mode
δˆ(k) amplified by a factor 1 + βµ2k:
δˆs(k) = (1 + βµ2k)δˆ(k), (2.47)
and the redshift space power spectrum will become:
P s(k) = (1 + βµ2k)
2P (k). (2.48)
It follows from Equation (2.47) that, in the plane-parallel approximation, the redshift
space power spectrum P s(k) is amplified by (1 + βµ2k)
2 over the unredshifted one P (k):
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P s(k) = (1 + βµ2k)
2P (k) , (2.49)
as first pointed out by Kaiser (1987).
The translation operator −i∇ commutes with the plane-parallel distortion operator,
so plane-parallel redshift distortions preserve translation invariance (and so statistical
homogeneity) and therefore the eigenmodes of the translation operator, which are the
Fourier modes δˆ(k), are also eigenmodes of the plane-parallel distortion operator. This
gives rise to the fact that the plane-parallel distortion operator is diagonal in Fourier
space, and from this arises the formula (2.49).
The distant observer approximation is also called plane-parallel because, when the
observer is distant enough, the angle between the positions s1 and s2 of the galaxy pair is
small then the line-of-sight redshift distortions are approximately plane-parallel, and so
going from the real to the redshift space galaxies move along almost parallel lines (see
Figure 2.4).
2.5 Wide-Angle RSD
As we saw in Section 2.2, one of the most important statistics to consider in a galaxy
survey analysis is the correlation function ξ(x), that physically is the mean fractional
excess of galaxy neighbours of a galaxy at the distance x; when we analyse pairs of
galaxies we can fully describe the problem within a plane formed by the two galaxies
and the observer (Figure 2.3), and the effect of redshift-space distortions only depends
on the geometry within this plane. In this coordinate system, the vectors connecting the
observer with the galaxies are r1 and r2, and the separation vector between the galaxies
is x; φi are the angles between ri and x.
The standard way to analyse Redshift-Space Distortions is through the power spec-
trum measured from galaxy surveys; this has been usually done assuming the plane-
parallel approximation, that gives rise to the Kaiser formula (Equation 2.49). Referring
to Figure 2.3, this means considering the observer being at a much larger distance from
the galaxies than the distance between the galaxies:
ri >> x; (2.50)
in this case θ = 0 and φ1 = φ2. So what it is assumed is that galaxies move along par-
allel lines in the radial direction when we go from the real to the redshift space. What
this means physically is that a spherical distribution of galaxies around an overdensity in
real space will be seen in redshift space as squashed (as redshift space distortions don’t
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Figure 2.3: The coordinate system adopted for the triangle formed by the observer O,
and galaxies G1 and G2.
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affect the transverse direction), so it gives rise to the so-called Kaiser effect, also called
“pancake of God” effect, which is shown in Figure 2.4.
Figure 2.4: “Pancake of God” or Kaiser effect; in the plane-parallel approximation, on
large scales, spherical distribution of galaxies in real space (left panel) will appear as
squashed pancake-like distributions in redshift-space (right panel).
2.5.1 Redshift-Space Distortion Measurements in the Wide-Angle
case
The plane-parallel analysis (as we will see in more details in Sections 2.6.3 and 2.7)
describes sufficiently well galaxy surveys where the number of pairs with large angular
separation is small (i.e the θ angle of Figure 2.3 is very small for most of the pairs).
However, the situation is going to be different for current and future wide-angle
galaxy surveys, as the distant observer approximation only holds if pairs are separated
by a small angle, and surveys such as BOSS (Schlegel et al., 2009), BigBOSS (Schlegel
et al., 2011), Euclid (Laureijs, 2009), WFIRST (Green et al., 2011) and LAMOST1 will
have a better sky coverage and probe larger scales. Pairs with wide angular separation
are typically fewer and noisier than close pairs, but if our aim is to extract as much in-
formation as possible from a given survey, it would be desirable to add them in, so it is
important to investigate the significance of the wide angle corrections.
1http://www.lamost.org/
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Figure 2.5: “Croissant of God”; in the wide-angle case, on large scales, spherical distri-
bution of galaxies in real space (left panel) will appear as croissant-shaped distributions
in redshift-space (right panel).
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If we drop the plane-parallel approximation, taking into account the fact that the
separation angle is not zero, we have to derive the redshift distortion operator without
some of the assumptions we used in Section 2.4; we refer to this case as to the “wide-
angle” Redshift-Space Distortions .
When we drop the plane-parallel approximation we lose the translation symmetry
about the observer; this happens because when we introduce an observer and we adopt
the most realistic description of θ 6= 0, galaxies do not move along parallel, radial, lines,
but they will move as in Figure 2.5; when going from the real to the redshift-space they
will be seen in a modified version of the squashed Kaiser or “Pancake of God” effect, that
is similar to a croissant-like shape, so that we could call this modification as “Croissant
of God”.
Szapudi (2004) and Pa´pai & Szapudi (2008) proposed a method of computing the
redshift-space correlation function which does not assume a plane-parallel approxima-
tion and is applicable to arbitrarily large angles. In their treatment the redshift-space
correlation function depends not only on the redshift-space pair separation x and cosine
of the angle of the pair with respect to the line-of-sight µ, but also on the separation angle
between two galaxies in a pair θ, which does not have to be small. They were able to
express the redshift-space correlation function explicitly through a real-space correlation
function and cosmological parameters.
Wide-angle effects can be subdivided in “purely wide-angle” and “mode-coupling”
terms: “purely wide-angle” effects correct plane-parallel predictions accounting for the
fact that the separation angle is non-zero, “mode-coupling” terms in addition account for
the fact that galaxy pairs coherently move in a way that is dependent on sample density.
This term would perhaps be better described as “mode confusion” as it is an effect of
the sample geometry rather than an additional effect of the coherency between density
and velocity fields. However, we continue to refer to this as “mode coupling” to match
previous works. We will see in Section 2.5.2 the details of this distinction, including
the fact that these latter terms vanish if the initial real-space distribution of galaxies is
uniform in distance, that both terms are of the same order, and that both terms vanish in
the plane-parallel limit due to the symmetry of the system.
Given the importance and, particularly, the quality of RSD constraints expected from
forthcoming surveys, it is timely to revisit this problem, and to test wide-angle RSD the-
ory. In the next sections we will describe the expression of the Redshift-Space Distortions
operator in the wide-angle case.
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The Wide Angle Redshift Distortion Operator
The wide-angle distortion operator(also called radial, full, or spherical, as opposed to
the plane-parallel one) turns out to have a more complicated expression than the plane-
parallel one.
This happens because without translation symmetry, Fourier modes are no longer
eigenmodes of the redshift distortion operator, and thus the redshift space power spec-
trum 〈δs(k1)δs(k2)〉 is no longer a diagonal matrix. In the Kaiser formula 2.49 it is used
a single Fourier mode approximation; this is correct in the plane parallel case, where
modes are independent, but it is not in the wide-angle case. The fact that the power spec-
trum is no longer a diagonal matrix means that different modes are “mixed”, and so this
assumption is not anymore valid. In linear wide-angle Redshift-Space Distortions, the
redshift distortion operator in Fourier space is an integral operator, a continuous matrix:
Sˆ(k,k′) =
∫
eik·rS(r)e−ik
′·rd3r (2.51)
= (2pi)3δD(k− k′)
(
1 + β
∂2
∂k2
k2∇−2k k−2
)
− βαˆ(k− k′) ∂
∂k′
k′∇−2k′ k′−2,
where ∇k ≡ ∂∂k , and αˆ(k) ≡
∫
α(r)eik·rd3r is the Fourier transform of α(r). The
distortion operator (2.51) yields the redshifted Fourier modes δˆs(k) when acting on the
unredshifted Fourier modes δˆ(k):
δˆs(k) =
1
(2pi)3
∫
Sˆ(k,k′)δˆ(k′)d3k′. (2.52)
The wide-angle redshift distortion operator does however preserve angular symmetry
about the observer (if α(r) is independent of direction). This because the distortion oper-
ator S commutes with the angular momentum operator L, so that the spherical harmonics
Y`m, that are the eigenmodes of the angular momentum operator, are also eigenmodes
of the distortion operator. For this reason, spherical harmonics modes remain statisti-
cally orthogonal with respect to the angular indices in redshift space (Fisher et al., 1994;
Heavens & Taylor, 1995).
The wide-angle redshift distortion operator (2.51) is not Hermitian, unlike the plane-
parallel one (2.46), so not all the eigenvalues of its eigenfunctions are real; this means
that redshift distortions cause a phase shift to some modes when passing from the real to
the redshift space, and so generating the “mode-coupling” terms.
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2.5.2 The Correlation Function in the Wide Angle Case
We will now review the methodology to compute the correlation function without the
plane-parallel approximation; we will first extend the formalism of Section 2.4, deriving
the equivalent equations for the statistics of a density field in the wide-angle regime, then
introduce a practical methodology to implement this formalism to measure Redshift-
Space Distortions and show results validating it with analyses of N-body simulations
(based on Raccanelli et al. 2010).
When we relate the real to the redshift-space overdensities we use the Jacobian 2.37;
in the plane-parallel analysis the (1 + v
r
)2 term is omitted because, in the linear regime,
it gives rise to a 2v/r term, that would tend to zero at large distances. However, Pa´pai &
Szapudi (2008) have argued that, for wide angles, the v/r term is of the same order as
the ∂rv term.
We want to use the linearised Jacobian considering all terms, as in Szalay et al.
(1998); following the formalism proposed in Pa´pai & Szapudi (2008), but keeping the
explicit dependence on α, we can express the linear overdensity as:
δs(s) =
∫
d3k
(2pi)3
eikj ·rj
[
1 + f(rˆj · kˆj)2 − iα(r)f rˆj · kˆj
rk
]
δ(k), (2.53)
so the correlation function is:
ξs = 〈δs(s1)δs∗(s2)〉 =
∫
d3k
(2pi)3
P (k)eik(r1−r2)·
·
[
1 +
f
3
+
2f
3
L2(rˆ1 · kˆ)− iα(r)f
r1k
L1(rˆ1 · kˆ)
]
·
·
[
1 +
f
3
+
2f
3
L2(rˆ2 · kˆ) + iα(r)f
r2k
L1(rˆ2 · kˆ)
]
, (2.54)
where L` are the Legendre polynomials of order ` and P (k) is the real-space matter
power spectrum. The third terms in the brackets are the ones responsible for the wide-
angle effects, while the fourth terms are the ones responsible for the mode-coupling.
Note that the r1 and r2 terms in the denominator depend on the angular separation of the
galaxies. Setting φ1 as the angle between the vector to the first galaxy in a pair r1, x to
be the vector connecting galaxies in a pair, and φ2 to be the angle between vector to the
second galaxy in a pair r2 and x, we can use the sine rule (see Figure 2.3) to express r1
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and r2 as
r1 =
sin(φ2)
sin(φ2 − φ1)x, (2.55)
r2 =
sin(φ1)
sin(φ2 − φ1)x. (2.56)
For a function depending on three directions, the most natural expansion is the one based
on a combination of three spherical harmonics, called tripolar spherical harmonics (Var-
shalovich et al., 1988). Hence, as suggested in Szapudi (2004) and Pa´pai & Szapudi
(2008), we expand Equation (2.54) using a subset of tripolar spherical harmonics that are
proportional to the zero angular momentum:
S`1`2`(rˆ1, rˆ2, xˆ) = (2.57)
=
∑
m1,m2,m
(
`1 `2 `
m1 m2 m
)
C`1m1(rˆ1)C`2m2(rˆ2)C`m(xˆ),
where C`m are proportional to the spherical functions:√
4pi
2`+ 1
Y`m, (2.58)
and
(
`1 `2 `
m1 m2 m
)
is the 3j Wigner symbol. The redshift space correlation function
can then be written as:
ξs(r1, r2, x) =
∑
`1,`2,`
B`1`2`(x, φ1, φ2)S`1`2`(rˆ1, rˆ2, xˆ), (2.59)
where B`1`2`(x, φ1, φ2) are a series of coefficients that depend on f , gi(φi) and ξr` (x).
These coefficients can be divided into two different subsets: one that depends on the third
term inside the brackets in Equation 2.54, given by B`1`2`(x), with `1`2` combinations
of 0, 2, 4, with only a radial dependence and take into account the wide angle effects,
and one that depends on the fourth terms inside the brackets of Equation 2.54, given by
B`1`2`(x, φ1, φ2), with `1`2` combinations of 0, 1, 2, 3, with also an angular dependence,
that describe the mode coupling part (see Szalay et al. (1998), Szapudi (2004) and Pa´pai
& Szapudi (2008) for a detailed derivation); the plane-parallel approximation emerges as
a limit when rˆ1 = rˆ2.
Using the Gaunt integral and the fact that:
L`(rˆ1, rˆ2) =
∑
m
C`m(rˆ1)C
∗
`m(rˆ2), (2.60)
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and:
eikx =
∑
`m
(2`+ 1)i`j`(kx)C`m(kˆ)C
∗
`m(xˆ), (2.61)
we can write the coefficients as (Szapudi, 2004):
B`1`2` = (2`+ 1)ξ`(x)i
`
(
`1 `2 `
0 0 0
)
F`1F`2,
with:
F0 = 1 +
1
3
f, F2 =
2
3
f, (2.62)
and zero otherwise. With this prescription, we can compute the B`1`2` coefficients:
B000(x) = (1 +
2
3
f +
1
9
f 2)ξ20(x) , (2.63)
B220(x) =
4
9
√
5
f 2ξ20(x) , (2.64)
B022(x) = −
(
2
3
f +
2
9
f 2
)√
5 ξ22(x) , (2.65)
B202(x) = −
(
2
3
f +
2
9
f 2
)√
5 ξ22(x) , (2.66)
B222(x) =
4
√
10
9
√
7
f 2ξ22(x) , (2.67)
B224(x) =
4
√
2√
35
f 2ξ24(x) , (2.68)
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are the wide-angle ones, while:
B101(x, φ1, φ2) = −(2f + 2
3
f 2)
√
3
r1x
ξ11(x) , (2.69)
B011(x, φ1, φ2) = (2f +
2
3
f 2)
√
3
r2x
ξ11(x) , (2.70)
B121(x, φ1, φ2) =
4
√
2√
15
f 2
1
r1x
ξ11(x) , (2.71)
B211(x, φ1, φ2) = −4
√
2√
15
f 2
1
r2x
ξ11(x) , (2.72)
B123(x, φ1, φ2) =
4
√
7√
15
f 2
1
r1x
ξ13(x) , (2.73)
B213(x, φ1, φ2) = −4
√
7√
15
f 2
1
r2x
ξ13(x) , (2.74)
B110(x, φ1, φ2) = − 4√
3
f 2
1
r1r2x2
ξ00(x) , (2.75)
B112(x, φ1, φ2) = −4
√
10√
3
f 2
1
r1r2x2
ξ02(x) , (2.76)
(2.77)
are the ones describing the mode-coupling effects, with:
ξm` (x) =
∫
dk
2pi2
kmj`(kx)P (k), (2.78)
where P (k) is the power spectrum and j` is the spherical Bessel function of order `.
At this point we still have the freedom to choose a line-of-sight to the galaxy pair (see
Figure 2.3); three possible solutions are:
i) the z axis is perpendicular to the plane of the vectors, and we fix φ = 0 for xˆ,
ii) the z axis coincides with the third unit vector, zˆ = xˆ,
iii) the z axis points in between the first two unit vectors, zˆ ∝ rˆ1 + rˆ2 and all the vectors
are in the φ = 0 plane.
The first two choices give the same expansion, that can be written as a combination of
sine and cosine:
ξs(x, θ, φ) =
∑
n1,n2
an1n2 cos(n1φ1) cos(n2φ2) + bn1n2 sin(n1φ1) sin(n2φ2), (2.79)
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where the non-zero coefficients are:
a00 =
(
1 +
2f
3
+
2f 2
15
)
ξ20(x)−
(
f
3
+
2f 2
21
)
ξ22(x) +
3f 2
140
ξ24(x) , (2.80)
a02 = −
(
f
2
− 3f
2
14
)
ξ22(x) +
f 2
28
ξ24(x) , (2.81)
a20 = −
(
f
2
− 3f
2
14
)
ξ22(x) +
f 2
28
ξ24(x) , (2.82)
a22 =
f 2
15
ξ20(x)−
f 2
21
ξ22(x) +
19f 2
140
ξ24(x) , (2.83)
b22 =
f 2
15
ξ20(x)−
f 2
21
ξ22(x)−
4f 2
35
ξ24(x) ; (2.84)
for the terms describing wide-angle effects, and:
a10 =
a˜10
g1
= (2f +
4f 2
5
)
1
g1x
ξ11 −
1
5
f 2
g1x
ξ13 , (2.85)
a01 =
a˜01
g2
= −(2f + 4f
2
5
)
1
g2x
ξ11 +
1
5
f 2
g2x
ξ13 , (2.86)
a11 =
a˜11
g1g2
=
4
3
f 2
g1g2x2
ξ00 −
8
3
f 2
g1g2x2
ξ02 , (2.87)
a21 =
a˜21
g2
= −2
5
f 2
g2x
ξ11 +
3
5
f 2
g2x
ξ13 , (2.88)
a12 =
a˜12
g1
=
2
5
f 2
g1x
ξ11 −
3
5
f 2
g1x
ξ13 , (2.89)
b11 =
b˜11
g1g2
=
4
3
f 2
g1g2x2
ξ00 +
4
3
f 2
g1g2x2
ξ02 , (2.90)
b21 =
b˜21
g2
= −2
5
f 2
g2x
ξ11 −
2
5
f 2
g2x
ξ13 , (2.91)
b12 =
b˜12
g1
=
2
5
f 2
g1x
ξ11 +
2
5
f 2
g1x
ξ13 , (2.92)
for the ones describing the mode-coupling corrections.
We follow the standard approach and choose the line of sight as a direction bisecting
the angle formed by the two galaxies, which we assume is given by 2θ. The angle be-
tween the angle bisector and x is denoted as φ, and we define µ ≡ cos(φ). We therefore
have that:
φ =
1
2
(φ1 + φ2) , (2.93)
and:
θ =
1
2
(φ2 − φ1) . (2.94)
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With this choice of coordinate system the redshift-space correlation function can be
expanded into multipoles of two Legendre polynomials:
ξs(x, θ, φ) =
∑
ab
cab(x)La[cos(θ)]Lb[cos(φ)] ; (2.95)
the coefficients for this choice can be written in general as:
c00 = 1 +
2
3
f +
1
5
f 2 − 4
15
f 2 cos2 θ sin2 θ , (2.96)
c02 = −
(
4
3
f +
4
7
f 2
)
cos 2θL2(cosφ)− 2
3
(
f − 1
7
f 2 +
4
7
f 2 sin2 θ
)
sin2 θ, (2.97)
c04 =
8
35
f 2L4(cosφ)− 4
21
f 2 sin2 θL2(cosφ)− 1
5
f 2
(
4
21
− 3
7
sin2 θ
)
sin2 θ , (2.98)
for the wide-angles, and:
c11 = (α1 − α2)
(
f +
3
5
f 2 − 4
5
f 2 sin2 θ
)
cos θL1(cosφ)+
+ (α1 + α2)
(
f +
3
5
f 2 − 4
5
f 2 cos2 θ
)
sin θL1(sinφ) , (2.99)
c13 =
1
5
(α1 − α2)f 2 cos θ[sin2 θL1(cosφ)− 2L3(cosφ)]+
+
1
5
(α1 + α2)f
2 sin θ[cos2 θP1(sinφ)− 2L3(sinφ)] , (2.100)
c20 =
1
9
α1α2f
2(4 cos θ − 1) , (2.101)
c22 =
1
3
α1α2f
2 sin2 θ − 2
3
α1α2f
2L2(cosφ) , (2.102)
for the mode coupling terms. Here we allowed the radial distribution of galaxies to
be different in every direction; this is the most general case, but in the following we
will assume α1 = α2, as this preserves the angular symmetry about the observer (see
Section 2.5.1 for details), and this is the most common case.
Equations (2.95, 2.79) reduce to the plane-parallel results of Hamilton (1992) in the
limit of θ → 0.
2.5.3 Measuring Wide-Angle Correlation Functions
In the previous Sections we described the mathematical modifications that has to be
made to the calculation of the correlation function in the wide-angle case with respect
to the plane-parallel one. The application of this formalism to a real analysis includes
some practical challenges, that we were able to understand and model, developing a new
methodology to measure the correlation function in the wide-angle case.
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We will now present this methodology, showing how to practically implement it; then
we test it against N-body simulations, in order to verify its correctness and highlight the
differences from a standard plane-parallel analysis.
The standard way to measure Redshift-Space Distortions is by estimating the corre-
lation function of galaxies in a survey; in a N-body simulation one has access to position
and velocity of every object, so it is possible to move galaxies from real to redshift space
and then measure the correlation function.
In Section 2.5.2 we illustrated how to include wide-angle effects in the expression for
the computation of the theoretical correlation function. We will now present a methodol-
ogy to measure it from N-body data in the wide-angle case, in an efficient way.
A standard method for analysing an N-body simulation to test wide-angle redshift-
space distortions would be to:
i) locate an observer within the output;
ii) translate all galaxies from real into redshift-space based on this observer;
iii) sample from these galaxies based on desired radial distribution;
iv) split pairs into bins in (φ, θ, x) and counts pairs;
v) estimate the correlation function.
This approach mimics that of an actual survey analysis, creating a mock galaxy catalogue.
The wide-angle formula for the correlation function depends on the angular separa-
tion θ of the pairs; analyses of a catalogue of galaxies will be a weighted average of the
ξ(x, θ) of different θ, so, to perform an accurate test of the wide-angle formalism, we
chose different fixed values of the angular separation θi and compared measurements of
ξ(x, θi) with theoretical predictions given by Equation 2.59, 2.79, 2.95. However, if we
want to measure the effect of Redshift-Space Distortions for galaxy pairs with a particular
angular separation, the method is not optimal as only a small fraction of the galaxy pairs
analysed will have this angular separation. In addition, we have to perform the full pro-
cedure for every radial galaxy distribution that we wish to analyse, and this distribution
will limit the pair-density that can be selected from the simulation.
For this reason, in order to rapidly increase the signal-to-noise, we adopt a different
procedure, allowing the origin to move so that each galaxy pair can be analysed as if it
was observed with the required angular separation.
This procedure can be summarised as follows:
i) decide on the value of θ for which we wish to analyse pairs;
ii) take each galaxy pair from the simulation with real-space separation< Rmax h−1 Mpc;
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iii) for each pair randomly choose µ ∈ [− cos(θ), cos(θ)];
iv) choose the location of the origin giving this µ and θ;
v) move galaxies according to their expected redshift-space distortion;
vi) weight the pair by a function of (µ, x) to match desired distribution;
vii) split pairs into bins in (φ, x) and counts pairs;
viii) estimate the correlation function.
The correlation function of galaxies from a N-body simulation can be estimated as (Landy
& Szalay, 1993):
ξˆ =
DD
RR
− 1 , (2.103)
where DD is the distance between the galaxies in the pair considered, and RR in general
is the distance between the galaxies in the random catalogue; in the case of a N-body
simulation, however, RR can be computed analytically, its expression depending on the
volume of the simulation, the number of galaxy pairs, and, in the wide-angle case, on the
µ-distribution and the geometry related to Figure 2.3.
The added complexity of including Redshift-Space Distortions on a pair-by-pair basis
is outweighed by the ability to obtain more pairs at the desired angular separation (as
we will see in Section 2.6.3, in this way we managed to have very small errors in the
measurements).
Note that µ in step (iii) is constrained and cannot have any value within [−1, 1] (as in
the plane-parallel case) because |cos(µ)| = |φ| > |θ| results in geometrically impossible
triangles (see Figure 2.3).
To summarise, for each pair we set up a position for the observer in order to have the
desired θ and µ, and then compute the correlation function. In this way we can mimic a
survey with all galaxy pairs at a fixed angular separation.
The distributions of triangles in µ and x represent a further complication to take into
account when modelling the wide-angle correlation function, and a wrong treatment of
that will result in a wrong estimate of ξ, the effect being not negligible (see Figure 2.6).
If the radial galaxy distribution can be described with a power law selection in r, the
distributions of triangles in µ and x can be calculated analytically; we will demonstrate
and give more detailed explanations in the two next subsections.
In the wide-angle correlation function (Equation 2.54), the mode coupling effects
strongly depend on the selection function of galaxies, via the α(r) factor, so modelling it
is of crucial importance.
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Real-space distribution of µ, x
The redshift-space correlation function in Equation 2.54 depends on the selection func-
tion α(r) ≡ 2 + ∂ ln[N(r)]/∂r, where N(r) is the number density of galaxies in real
space and r is the position of the galaxy with respect to the observer. If the galaxy distri-
bution is uniform (α(r) = 2, N(r) = N , both independent of r), then the probability of
finding a galaxy in some region is proportional to the volume of that region. Therefore if
we randomly pick a galaxy in the catalogue, there will be on average Nx2dxdµ galaxies
in a small volume element dxdµ which is distance x± dx away from that galaxy within
an angular slice µ ± dµ. In the plane-parallel approximation, where all galaxies are as-
sumed to lie along the same direction from the observer, the distribution of galaxy pairs
will scale as:
dNpairpp (x, µ) ∝ x2dxdµ, (2.104)
where dNpairp p(x, µ) is the number of pairs with separation x ± dx and cosine of the
angle with the line of sight in the µ ± dµ interval. If we pick galaxy pairs separated
by a fixed opening angle from the uniform spatial distribution of galaxies (step (i) in
the procedure described above), for a large enough angle the distribution of pairs will
not follow Equation (2.104). For galaxy pairs with a fixed half-angle θ (see Figure 2.3),
the likelihood of finding one galaxy at position r1 and another at r2 is P (r1) ∝ r21dr1,
P (r2) ∝ r22dr2. Since the two likelihoods are independent, the joint probability of finding
that pair of galaxies is:
dNpairθ (r1, r2) ∝ r21r22dr1dr2. (2.105)
Using Equations (2.55) and (2.56) we can rewrite Equation 2.105 in terms of φ and x as:
dNpairθ (x, µ) ∝ x5 sin(φ+ θ)2 sin(φ− θ)2dxdφ. (2.106)
After completing steps (ii) and (iii) in the previous subsection, we will have a distribution
of galaxy pairs that is uniform in dµ = sin(φ)dφ and scales as x2dxwith separation. This
distribution of galaxy pairs does not correspond to α = 2. If we want to compare our
data with the correlation function computed from Equation 2.54 for α = 2, we have to
weight our galaxy pairs (step (iv) in the previous subsection) by an additional factor of
x3 sin(φ− θ)2 sin(φ+ θ)2 to get a distribution given by Equation (2.106).
This procedure can be applied to the case of arbitrary α. If, for example, the galaxy
number density scales as a power-law N(r) = r−N , then α = 2−N , and the distribution
of galaxy pairs with a fixed opening half-angle drawn from this distribution will be:
dNpairθ (x, µ) ∝ x2α+1 sin(φ+ θ)α sin(φ− θ)αdxdφ. (2.107)
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We therefore weight all pairs recovered from the simulation with a weight given by:
W (x, µ) =
x2α−1 sin(φr + θ)α sin(φr − θ)α
x2α−1s sin(φs + θ)α sin(φs − θ)α
, (2.108)
where xs is the separation of the galaxies in redshift-space, φr is the real-space value of
φ for the chosen galaxy pair and φs is its redshift-space value. We divide the real-space
distribution by the redshift-space equivalent in order to normalise the weights to give no
net change in the expected pair distribution.
Redshift-space distribution of µ, x
When transformed into redshift space, the real-space galaxy distribution is “washed out”
by the random component of galaxy velocities, so we need to convolve with the random
velocity distribution. This would normally not be a problem as we would estimate the
galaxy distribution directly in redshift-space. However, using the above procedure we
have set the real-space distribution of galaxies, so we need to take care when modelling
the redshift-space distribution. To correct for this effect, we first estimate the velocity
dispersion σv from the catalogue, assuming that the random velocities are drawn from
a Gaussian distribution. We then convolve the initial distribution in real space with this
Gaussian. For example, for n(r) ∝ r−Υ, the probability of finding a galaxy at distance r
away from the observer is P (r) ∝ r2−N = rα. In the unclustered redshift space this will
transform into:
P (s) ∝
∫ ∞
0
rα
e−(s−r)
2/2σ2v√
2piσ2v
∝ (σv)α+1
[
s√
2
Γ
(
α + 2
2
)
1F1
(
1− α
2
,
3
2
;− s
2
2σ2v
)
+
σv
2
Γ
(
α + 1
2
)
1F1
(−α
2
,
1
2
;− s
2
2σ2v
)]
, (2.109)
where F is a hypergeometric function.
For a specific case of α = 2, Equation (2.109) results in:
P (s) ∝ (σ2v + s2)
(
1 + Erf
(
σv√
2 s
))
+
√
2
pi
σvse
−s2/2σ2v , (2.110)
where Erf(r) is an error function. The distribution of galaxy pairs for α = 2 will be:
Npairα=2 ∝ P (s1)P (s2)xsdxsdφ, (2.111)
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where P (si) is given by Equation (2.110) and s1 and s2 can be expressed in terms of s
and φ via Eqs. (2.55) and (2.56), after the substitution of x with xs. Our pair counting
algorithm, described in Section 2.5.3, selects pairs in real-space that are distributed as
N ∼ r2dr and are uniform in µ. To transform this into the desired distribution we apply
the weight given by Equation 2.108. Equation (2.111) gives the expected number of pairs
per (dr, dµ) bin in redshift-space. We use this expression to estimate RR number counts
when computing a correlation function, so no extra weighting is necessary.
Figure 2.6: The monopole correlation function calculated from the HV mock catalogues
designed to mimic a galaxy distribution with θ = 0.355, and α = 2. Open circles (with
1σ errors) were calculated using the redshift-space model for the galaxy distribution.
Open diamonds used the real-space model. The solid line shows the prediction from
Section 2.5.2.
When modelling the theoretical correlation function, Hamilton & Culhane (1996)
argue that the difference between n¯(s) and n¯(r) is small. While this is true when creating
a model correlation function, it is not true, and we need to use the n¯(s) instead of n¯(r),
when we model the data. This is shown in Figure 2.6, where we plot ξ0(x) calculated
for α = 2 from a mock catalogue, assuming that the galaxy distribution follows the one
expected from either the real-space or redshift-space calculation.
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Figure 2.7: Schematic representation showing the positions at which the origin could be
placed for different values of θ. The shaded circles around each galaxy are exclusion
zones within which the redshift-space distortions is comparable with the distance to the
galaxy. O1 and O2 mark two possible positions for an origin that would give angular
galaxy separation of 2θ = 0.71.
Pairs close to the origin
Galaxies that are close to the origin can cause problems as, for such galaxies, the redshift-
space displacement can be larger than the distance to the galaxy. This problem is exac-
erbated because we do not include the velocity of the observer in our calculation. In
extreme situations, naively applying the expected redshift-space distortion would place
the galaxy on the opposite side of an observer. In order to avoid such problems, we
only include galaxy pairs where both galaxies are more than 5σv away from the origin,
where σv is the 1D velocity dispersion of the galaxy population. For the HV simulation
σv|z=0 = 3.9h
−1 Mpc. Figure 2.7 shows, for galaxies G1 and G2, the loci of positions at
which the origin could be placed for fixed θ. The circles mark the exclusion zones. If
one of the galaxies in a pair is inside the exclusion zone in real space, we do not include
that pair when we estimate the correlation function. This exclusion is tracked when we
calculate the expected galaxy distribution.
The Hubble Volume Simulation
We apply the procedure outlined in Section 2.5.3 to analyse wide-angle redshift-space
distortions within the ΛCDM Hubble Volume (HV) simulation (Evrard et al., 2002). The
ΛCDM HV simulation, covering a (3000h−1 Mpc)3 box, assumes a cosmological model
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with Ωm = 0.3, ΩCDM = 0.25, Ωb = 0.05, ΩΛ = 0.7, h = 70, σ8 = 0.9, and ns = 1. We
do not apply any galaxy bias, simply Poisson sampling the matter particles to give our
“galaxy distribution”; the inclusion of a bias model would not alter the conclusions of this
analysis. We use the periodic nature of the numerical simulation to eliminate boundaries
from our pair counts. This means that, by using the above weighting scheme and allowing
for the removal of galaxies close to the origin, the expected number of galaxy pairs in the
absence of clustering RR can be calculated analytically. We can therefore use the natural
estimator 1 + ξ = DD/RR (Landy & Szalay, 1993), where DD is the measured number
of galaxy-galaxy pairs.
2.5.4 Degeneracy θ-γ
The error in the estimate of the correlation function induced by assuming the separation
angle θ being 0 can lead to a wrong estimate of cosmological parameters measured with
redshift space distortions . In Figure 2.8 we show a plot of the ratio quadrupole over
monople ξ2/ξ0 of the correlation correlation function for different separation angles θ
and values of the γ parameter, as a function of the separation distance x. As we can
see, assuming a plane-parallel approximation for galaxies that are in fact separated by a
non-zero θ can lead to a wrong estimate of γ , and so to favouring a wrong model for the
gravity.
The effect of changing γ is degenerate with assuming a wrong θ ; the variation is on
the order of a few percent, and in a real survey we will not have a single θ separation for
all the pairs. From Figure 2.8 we can see that, e.g., at 100 Mpc/h, if we approximate θ
to be 0 for a pair that in fact has θ = 0.25 rad, we will estimate a γ of 0.45 instead of
γ = 0.60.
To analyse the error that can be introduced assuming wrongly θ = 0 we modelled four
different distributions (D1, D2, D3, D4) of θ , shown in Figure 2.9; we plot normalised
number vs separation angle to mimic possible future surveys and to understand where
the errors would come from. In Figure 2.10 we show the ratio, as a function of the
separation scale, of the wide-angle over the plane-parallel analysis for the distributions
of Figure 2.9; we can see that, as expected, the difference increases with the scale and is
greater when the peak of the distribution moves away from θ = 0. We also can notice
that the distribution D3, with a slightly larger amount of galaxy with a wider separation,
differs almost as much as the D4 from the plane-parallel , even if D3 has much more
galaxies at very small θ .
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Figure 2.8: Ratio quadrupole over monopole of the correlation function ξ for different
values of the separation angle θ and values of γ index of growth.
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Figure 2.9: Mock θ distributions used to test the significance of plane-parallel assumption
when estimating γ from correlation function measurements.
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Figure 2.10: Ratio of correlation functions computed using wide-angle over plane-
parallel formalisms, for the different mock distributions plotted in Figure 2.9, as a func-
tion of the separation scale.
2.6 Measurements of the Correlation Function from the
HV Simulation
We have performed 100 runs, each based on a sample of 106 galaxies drawn from the
z = 0 output of the HV ΛCDM simulation.
In order to analyse Redshift-Space Distortions, the measured correlation function
is usually decomposed into Legendre momenta, which contain all of the RSD signal
(Hamilton, 1998).
A combination of these momenta is then used to construct the normalised quadrupole
Q(x) (Hamilton, 1992), defined as:
Q(x) =
ξ2(x)
ξ0(x)− 3x3
∫ x
0
ξ0(x
′)x′2dx′
; (2.112)
that is used to constrain cosmological parameters through their effects on the growth of
structure (see Section 2.6.1 and Hamilton 1998).
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To see how wide angle effects would modify these measurements we estimate first
three even Legendre momenta of the correlation function from HV mock catalogue in
both the plane-parallel and wide-angle cases. We measure:
ξ˜`(x) =
∑
µ
DD(x, µ)L`(µ)∑
µ
RR(x, µ)
, (2.113)
for ` = 0, 2, 4.
2.6.1 Testing the Growth of Structures with Measurements of f
Linder (2005) proposed a gravitational growth index formalism, which parametrise the
growth factor as:
D(a) = a exp
[∫ a
0
[Ωγm(a
′)− 1] da
′
a′
]
, (2.114)
so we have the following expression for f :
f = Ωγm(a), (2.115)
with:
Ωm(a) =
Ωma
−3∑
i Ωi exp
[
3
∫ 1
a
[w(a′) + 1] da
′
a′
] , (2.116)
where the summation goes over all the components of the Universe (i.e. dark matter,
dark energy, curvature, radiation). In this formalism γ is a parameter that is different
for different cosmological models; in the standard ΛCDM+GR model it is a number,
γ ≈ 0.55 (see e.g. Linder 2005) that can be different in other models (e.g. γ ≈ 0.68
for DGP (Linder, 2005)), while it is a function of cosmological parameters or redshift in
some other cases (e.g. UDM (Raccanelli et al., in preparationa), Galileon (Kobayashi,
2010), f (R) (Tsujikawa et al., 2009)).
In the ΛCDM+GR model the growth is parametrized as:
f(z) =
(
Ωm(1 + z)
3
Ωm(1 + z)3 + Ωde(1 + z)−3(1+w)
)γ
, (2.117)
with:
Ωm(z) =
Ω0m(1 + z)
3
Ω0de + ΩR(1 + z)2 + Ω0m(1 + z)3
, (2.118)
and:
Ωde(z) =
Ω0de
Ω0de + ΩR(1 + z)2 + Ω0m(1 + z)3
, (2.119)
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and where Ω0i refers the energy density of the i-th component today, and the subscripts
m, R, and de refer to the matter, radiation and dark energy component respectively.
Recently Zhang (2011), starting from relativistic corrections to the Poisson and con-
tinuity equations, proposed a correction to this formula to include relativistic effects:
fR =
fN
1 + C(k, a)
, (2.120)
where subscripts R and N stay for relativistic and newtonian, respectively, and the cor-
rection factor C(k,a) can be written as:
C(k, a) =
3a2H2
k2
(
aH ′
H
+
1
H3a2
∫ a
0
da′
H3a′3
)
. (2.121)
This correction, anyway, should be negligible at the scales currently used for Redshift-
Space Distortions analyses.
Possible further modifications to the observed power spectrum have been pointed out
recently by Yoo (2010); Challinor & Lewis (2011); Bonvin & Durrer (2011); Jeong et al.
(2011); those modifications, as has been shown in Bruni et al. (2011), are degenerate with
the presence of non-Gaussian initial conditions of the probability distribution function of
cosmological perturbations (see Chapter 4 for details). Such GR corrections, however,
affect the largest scales and are therefore not observable at the moment, but they will
need to be taken in account for future large scale surveys.
Given that ξ`, and so also Q, depend on f , we can then see that measuring Redshift-
Space Distortions will allow tests of the cosmological models, and this estimator provides
a good discriminant between modified gravity and dark energy models (Linder, 2005,
2007; Guzzo et al., 2008).
2.6.2 Redshift-Space Distortions Measurements in the Plane-Parallel
Approximation
Following the linear plane-parallel theory presented in Section 2.4, we derive the equa-
tions that are usually adopted to extract cosmological informations from Redshift-Space
Distortion analyses of galaxy surveys. In Section 2.2 we showed that the most basic and
useful statistic we can construct to analyse the matter density field is the 2-point correla-
tion function, or its Fourier transform, the power spectrum. They have been both used in
previous analyses, so we will derive the equation to test the f of Equation 2.115 in both
approaches.
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Using the power spectrum to measure f
It is useful to characterise the redshift-space power spectrum in terms of multipole mo-
menta; they define the decomposition of P s(k, µ) into Legendre polynomials:
P s(k, µ) =
∞∑
`=0
P s` (k)L`(µ). (2.122)
Inverting this formula we can compute the multipoles of the power spectrum:
P s` (k) =
2`+ 1
2
∫ 1
−1
P s(k, µ)L`(µ)dµ. (2.123)
In linear theory, the angular dependence of P s(k, µ) is completely characterised by the
first three even momenta, the monopole, quadrupole and hexadecapole, so the only non
vanishing terms can be obtained by integration:
P s0 (k) =
(
1 +
2
3
f +
1
5
f 2
)
P r(k) , (2.124)
P s2 (k) =
(
4
3
f +
4
7
f 2
)
P r(k) , (2.125)
P s4 (k) =
(
8
35
f 2
)
P r(k) . (2.126)
After measuring the redshift-space power spectrum , we can use its multipoles to esti-
mate f , and in this way test the growth of cosmological structures. A commonly used
estimator is ratio of the quadrupole to the monopole, that follow straightforwardly from
Equation 2.124, 2.125:
P s2 (k)
P s0 (k)
=
4
3
f + 4
7
f 2
1 + 2
3
f + 1
5
f 2
. (2.127)
Using the correlation function to measure f
It is possible to perform the same f analysis in real space, after measuring the correlation
function. In the plane-parallel approximation, the redshift distortion operator 2.31 relates
the real to the redshift-space correlation function, so that we have:
ξs(r) =
[
1 + f
∂2
∂z2
∇−2
]2
ξr(r). (2.128)
This relation can be expressed as a sum of spherical harmonics:
ξ(r) = ξ0(r)L0(µ) + ξ2(r)L2(µ) + ξ4(r)L4(µ), (2.129)
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with (Hamilton, 1992):
ξ0(r) =
(
1 +
2
3
f +
1
5
f 2
)
ξ(r) , (2.130)
ξ2(r) =
(
4
3
f +
4
7
f 2
)[
ξ(r)− ξ¯(r)] , (2.131)
ξ4(r) =
(
8
35
f 2
)[
ξ(r) +
5
2
ξ¯(r)− 7
2
ξ¯(r)
]
, (2.132)
with the usual meaning for µ and L`, and:
ξ¯(r) =
3
r3
∫ r
0
ξ(s)s2ds , (2.133)
ξ¯(r) =
5
r5
∫ r
0
ξ(s)s4ds . (2.134)
The standard way to measure the correlation function is adopting the plane-parallel
philosophy (Hamilton, 1992), and in this case it is possible to interpret the functions 2.113
using the (2.130, 2.131, 2.132).
The relations 2.130, 2.131, 2.132 are widely used, so we will now show a way to
derive them. Correlation function and power spectrum form a Fourier conjugate pair
(Equation 2.7); if we express the power spectrum in terms of Legendre polynomials and
use the Rayleigh expansion of a plane wave:
e−iksµk =
∑
`
(−i)`(2`+ 1)j`(ks)L`(µk), (2.135)
with obvious meaning of the terms, we have:
ξs` (s, µk) =
∑
`
∑
`′
(−i)`′(2`′ + 1) 1
(2pi)3
∫ ∞
0
k2P s` (k)j`′(ks)dk
∮
L`(µk)L`′(µk)dΩk;
(2.136)
for Legendre polynomials we have the following theorem:∮
L`(µks1)L`′(µks2)dΩk =
4pi
2`+ 1
L`(µs1s2)δ
K
``′ , (2.137)
so we have that:
ξs` (s) =
i`
2pi2
∫ ∞
0
k2P s` (k)j`(ks)dk, (2.138)
is the `-th order harmonic coefficient of the redshift-space correlation function:
ξs(s, µ) =
∑
`
ξs` (s)L`(µ). (2.139)
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From integral properties of spherical Bessel function:
1
2pi2
∫ ∞
0
k2P s0 (k)j0(ks)dk = ξ
s
0(s) , (2.140)
1
2pi2
∫ ∞
0
k2P s0 (k)j2(ks)dk = −ξs0(s) +
3
s3
∫ s
0
s′2ξs0(s
′)ds′ , (2.141)
1
2pi2
∫ ∞
0
k2P s0 (k)j4(ks)dk = ξ
s
0(s) +
5
2
3
s3
∫ s
0
s′2ξs0(s
′)ds′ − 7
2
5
s5
∫ s
0
s′4ξs0(s
′)ds′ ;
(2.142)
finally, substituting 2.124, 2.125, 2.126 in 2.140, 2.141, 2.142, we obtain 2.130, 2.131,
2.132.
2.6.3 Redshift-Space Distortions Measurements in the Wide Angle
Case
To investigate the significance and correctness of the wide-angle approach to Redshift-
Space Distortions we compare predictions of the wide-angle formalism of Section 2.5.2
with measurements performed using the methodology presented in Section 2.5.3.
We decided to measure the correlation function for two fixed values of θ, one with
galaxies at a separation angle of θ = 0.355 (chosen to match Figure 1 of Pa´pai & Szapudi,
2008), and one where θ = 0.71, twice this angular separation, to emphasise the wide
angle effects on pairs separated by a very wide angle. Following the procedure described
in Section 2.5.3, to select a fixed value of θ we have to place the origin (the observer) at
two different locations for each unique pair of galaxies within the sample.
We include all pairs with redshift-space separation xs < 200h−1 Mpc, and each pair
was weighted as described in Section 2.5.3, based on its real-space separation and angle
to the line of sight. Taking in account wide-angle and mode-coupling effects makes the
calculation of the correlation function more computationally expensive, but the analytical
expressions given in Section 2.5.2 can still be relatively easily evaluated.
Given that, as one can see from Equation 2.54, the mode-coupling terms depend
strongly on the radial galaxy distribution, for both the aperture angles we selected sam-
ples with different radial galaxy distributions, in order to test our methodology in different
cases; we chose α = 0, 0.5, 2, 4:
i) α = 0 corresponds to the case of a galaxy distribution that has equal density in radial
bins of equal width. In this case there are no mode-coupling terms in Equation 2.54,
so this corresponds to the ”pure wide angles” case.
ii) α = 0.5 corresponds to a final real-space distribution of galaxy pair separations
with probability density function proportional to x2dx. This is the same distribution
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obtained by randomly sampling pairs from the simulation, so the x factor drops out
of Equation (2.108). Note that, for clarity, we do not present results from this value
of α as they are very similar to, and overlap results for α = 0. The match between
data and theory has the same quality as for the other values of α.
iii) α = 2 matches a distribution of galaxies that are uniformly distributed in volume,
so equal volumes contain equal numbers of galaxies. Most planned surveys aim to
observe galaxies with this radial distribution. Note that, for this galaxy distribution,
the pair distribution goes as x5dx.
iv) α = 4 represents a steeper radial distribution where more galaxies are found at larger
distances. This will increase the effect of the mode-coupling terms in the wide-angle
redshift-space distortion formulae (Equation 2.108).
Figure 2.11: Correlation function as a function of scale for fixed θ = 0.355 and for a bin
centered at µ = 1.03, designed to match figure 1 of Pa´pai & Szapudi (2008). The bin
is 0.05 wide, but the result is not very dependent on its width. The plane-parallel model
is shown by the dotted line, the pure wide-angles model by the dashed line and the full
mode-coupling prediction with α = 2 by the solid line. We expect the match between
data and models to be good at scales larger than 40h−1 Mpc, because we didn’t model
the small scale non linearities.
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We have calculated errors by comparing outputs from 100 subsamples, that cover the
same HV volume and so only contain the shot noise element. These errors will there-
fore underestimate the true error, because they do not fully include the cosmic variance
component. However, the HV volume is (3000h−1 Mpc)3, and we only consider pairs
with x < 200h−1 Mpc, so we expect the shot noise to dominate the error budget. Even
so, it is worth pointing out that our primary aim is to consider deviations from plane-
parallel theory and that our proposed methodology works to match data with the full
mode-coupling theory: the size of the errors is unimportant, provided they are far smaller
than the differences between theories.
Figure 2.11 shows the correlation function, calculated within a 0.05 wide bin in µ for
θ = 0.355 and α = 2; this is equivalent to figure 1 of Pa´pai & Szapudi (2008). We are
able to fit the theoretical correlation function to the estimate from HV simulations for
scales larger then 40h−1 Mpc (we do not expect to match perfectly data with theory on
smaller scales because we didn’t model non-linearities). Looking at plane-parallel, pure
wide-angle and full mode-coupling theories, it is clear that only the full mode-coupling
theory provides a good fit to the data.
Figure 2.12: Ratio of theoretical full mode-coupling correlation function to plane-parallel
correlation function, computed for α = 2 at fixed value of r = 79h−1 Mpc; the points
mark the values of θ used in our simulations.
Figure 2.12 shows the ratio between the correlation function predicted by the full
mode-coupling theory and that for the plane-parallel case, as a function of θ, for a fixed
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value of r = 79h−1 Mpc, with α = 2; from this plot we can see that even for small angles
there is a non negligible difference. As we said, the total correlation function measured
from a survey will be a weighted average of the correlations for the different angular
separations; we have seen in Figure 2.9 the weighted effect of some mock θ distributions.
Figure 2.13: ξ0(x) for angular galaxy pair separation of θ = 0.355 for different power law
radial galaxy density distributions; lines are the expected values from the theory of Pa´pai
& Szapudi (2008) with wide angle and mode-coupling effects, with α = 0 (dotted),
α = 2 (solid), and α = 4 (dashed); dot-dashed lines are plane parallel predictions.
Symbols were measured from the HV mocks, with α = 0 (triangles), α = 2 (circles),
and α = 4 (diamonds).
Figure 2.13-2.18 present the main results of this analysis, showing the application
of our methodology to sample and analyse data, and comparing against the full mode-
coupling predictions. We plot ξ0(x), ξ2(x), ξ4(x) for both the aperture angles and for
radial galaxy density distributions corresponding to α = 0, α = 2 and α = 4; as we
can see, the contribution of the mode coupling terms increase with α, and as the radial
galaxy distribution steepens, more galaxies are moved nearer by the RSD, leading to an
increase in the small-scale correlation function. Momenta of the correlation function
computed with the full mode coupling theory match remarkably well the data analysed
as explained in Section 2.5.3. We also plot the plane-parallel prediction as a compari-
son, and this demonstrates how badly this approximation fails for galaxy pairs with wide
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Figure 2.14: ξ2(x) for angular galaxy pair separation of θ = 0.355 for different power law
radial galaxy density distributions; lines are the expected values from the theory of Pa´pai
& Szapudi (2008) with wide angle and mode-coupling effects, with α = 0 (dotted),
α = 2 (solid), and α = 4 (dashed); dot-dashed lines are plane parallel predictions.
Symbols were measured from the HV mocks, with α = 0 (triangles), α = 2 (circles),
and α = 4 (diamonds).
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Figure 2.15: ξ4(x) for angular galaxy pair separation of θ = 0.355 for different power law
radial galaxy density distributions; lines are the expected values from the theory of Pa´pai
& Szapudi (2008) with wide angle and mode-coupling effects, with α = 0 (dotted),
α = 2 (solid), and α = 4 (dashed); dot-dashed lines are plane parallel predictions.
Symbols were measured from the HV mocks, with α = 0 (triangles), α = 2 (circles),
and α = 4 (diamonds).
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Figure 2.16: ξ0(x) for angular galaxy pair separation of θ = 0.71 for different power law
radial galaxy density distributions; lines are the expected values from the theory of Pa´pai
& Szapudi (2008) with wide angle and mode-coupling effects, with α = 0 (dotted),
α = 2 (solid), and α = 4 (dashed); dot-dashed lines are plane parallel predictions.
Symbols were measured from the HV mocks, with α = 0 (triangles), α = 2 (circles),
and α = 4 (diamonds).
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Figure 2.17: ξ2(x) for angular galaxy pair separation of θ = 0.71 for different power law
radial galaxy density distributions; lines are the expected values from the theory of Pa´pai
& Szapudi (2008) with wide angle and mode-coupling effects, with α = 0 (dotted),
α = 2 (solid), and α = 4 (dashed); dot-dashed lines are plane parallel predictions.
Symbols were measured from the HV mocks, with α = 0 (triangles), α = 2 (circles),
and α = 4 (diamonds).
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Figure 2.18: ξ4(x) for angular galaxy pair separation of θ = 0.71 for different power law
radial galaxy density distributions; lines are the expected values from the theory of Pa´pai
& Szapudi (2008) with wide angle and mode-coupling effects, with α = 0 (dotted),
α = 2 (solid), and α = 4 (dashed); dot-dashed lines are plane parallel predictions.
Symbols were measured from the HV mocks, with α = 0 (triangles), α = 2 (circles),
and α = 4 (diamonds).
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angular separation. The only parts where our methodology do not match the mode cou-
pling theory are where the correlation multipoles are very small (around 10−4) or for
small scales, where non-linearities become important; we also have to take into account
that, for the steeper galaxy distributions, we are upweighting results from the same num-
ber of pairs as the more shallow galaxy distributions so, although the signal is stronger,
the relative error will be the same.
2.7 Modelling RSD on large scales
In this Section we will present a measurement of Redshift-Space Distortions from the
SDSS data release 7 (DR7).
In the previous Section we showed that wide-angle corrections are needed in order to
have a precise measurement of growth on large scales. The wide-angle linear redshift-
space correlation function and power-spectrum as a function of all three variables have
been computed (Zaroubi & Hoffman, 1993; Szalay et al., 1998; Szapudi, 2004; Matsub-
ara, 2004; Pa´pai & Szapudi, 2008), but only in theory. In fact, the wide-angle correlation
function does not deviate significantly from its plane-parallel counterpart if the opening
angle θ is less than 10◦, so the plane-parallel approximation was accurate enough for the
available data; in Section 2.6.3 we validated this by analysing mock galaxy catalogues
(also see Raccanelli et al. 2010).
We study possible theoretical systematics beyond the model of Equation 2.49, that
could affect the measurements of clustering on large scales including the effects due to
wide-angle corrections, large-scale nonlinearities, sample geometry and the effects of the
radial model for the distribution of galaxies. This work is based on Samushia, Percival, &
Raccanelli (2011), in which I co-authored, and in particular worked on the development
of the models used.
2.7.1 Other Systematics
In Section 2.4 we reviewed the linear, plane-parallel model for RSD, often termed the
Kaiser model (Kaiser, 1987). This model is simple and elegant, and it works well in the
regimes often tested; however, to obtain Equation 2.49, several assumptions need to be
made; we will now illustrate them.
When we write the Jacobian relating the real to the redshift-space overdensity as:
δsg(r) = δ
r
g(r)−
(
∂
∂r
+
α
r
)
vrg , (2.143)
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we assume that RSD are linear. Nonlinear effects change the real-space matter power
spectrum, the velocity power spectrum, the matter-velocity cross-correlation, and intro-
duce further µ dependent terms into this expression (Scoccimarro, 2004). On small scales
the dominant nonlinear contribution comes from the Fingers-of-God (FOG) effect (Jack-
son, 1972). FOG arise because within dark matter halos the velocities of galaxies quickly
become virialized and their power-spectrum is highly nonlinear. This effect can be ap-
proximated by including a phenomenological term in Equation 2.49 that reduces power
on small scales (Peacock & Dodds, 1996) or using a more complicated expression based
on higher order computations in perturbation theory (see e.g. Scoccimarro 2004; Taruya
et al. 2010). The phenomenological damping terms used to describe the FOG effects are
not accurate (Scoccimarro, 2004; Jennings et al., 2011) and the results of perturbation
theory are not easy to implement in a computationally fast and efficient way. The effects
of nonlinear growth on the real-space power-spectrum are also important and difficult
to model for an arbitrary cosmological model. Although in principle these nonlinear
effects can be estimated analytically using perturbation theory, comparison of different
perturbation theory methods to the results of high-resolution N-body simulations shows
that at low redshifts the range of scales where the perturbation theory is reliable is rather
small (Carlson et al., 2009). In addition, the assumption that the bias between matter
overdensities and galaxies is linear is not accurate even for scales as large as 30h−1 Mpc
(Okumura & Jing, 2011).
For surveys that cover a significant fraction of the sky, the distribution of galaxies
pairs becomes non-trivial. The survey geometry results in the galaxy pair distribution
that has a complicated dependence on the variables r, µ and θ, since not all sets of their
combinations are equally likely or even geometrically possible. In particular the distri-
bution of µ does not correspond to that of an isotropic pair distribution; this will strongly
bias the measurement of angular momenta (Raccanelli et al., 2010).
RSD data on very large scales, although in principle available in current data sets, do
not contribute significantly to current data analyses. The reason for this is twofold: the
signal-to-noise of currently available clustering data becomes low at scales larger than
100h−1 Mpc so most of the available cosmological information is on smaller scales; also
the large scale clustering measurements are vulnerable to different observational (im-
proper modelling of seeing, galactic extinction, etc.) and theoretical systematic effects
which, if not taken into account properly, could strongly bias results of data analysis. In
particular, our ability to model the radial galaxy distribution accurately can cause strong
effects on these large-scales, and is worthy of further investigation (Percival et al., 2010;
Kazin et al., 2010). Being able to model these data has many advantages. First, if accurate
measurements are available, more data will result in stronger constraints on cosmological
parameters. In addition, measurements on large scales are significantly less affected by
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the systematics introduced by nonlinear phenomena. Some important physical processes
can be measured only on very large scales. For example, non-Gaussian initial condi-
tions, if present, will affect the real-space galaxy clustering on large scales (Dalal et al.,
2008; Desjacques & Seljak, 2010), and could be compared against the RSD signal, which
depends on the matter density field.
We investigated the significance of these effects by performing an analysis on a large
suite of N-body simulations, testing for systematic effects that could result in real data
giving a signal different from the plane-parallel linear RSD formula. Using mock sam-
ples, we were able to accurately fit the expected correlation function on scales between
30-200h−1 Mpc, to a level well below the statistical error on the measurement from any
one sample.
We then applied the knowledge learned in this analysis to robustly measure RSD
in the Sloan Digital Sky Survey (SDSS) Data Release 7 (DR7) sample of Luminous
Red Galaxies (LRGs) and measure cosmological parameters describing amplitude and
growth of the perturbations in different models. We find that the accuracy of SDSS DR7
data is at the threshold where the inclusion of RSD information on scales larger than
100h−1 Mpc affects the measurements but does not improve the result significantly. In
addition, we find that the non-linear and survey geometry effects are significant for this
sample. Details on the methodology used to perform this analysis and results can be
found in Samushia, Percival, & Raccanelli (2011).
Other approximations in Kaiser Theory
Starting from Equation 2.143, other assumptions are made in order to obtain Equa-
tion 2.49; assuming that the distribution of galaxies is uniform we have:
δsg(r) = δ
r
g(r)−
(
∂
∂r
)
vrg ; (2.144)
we then assume that there is no velocity bias:
δsg(r) = δ
r
g(r)−
(
∂
∂r
)
vrm . (2.145)
Using the linear continuity equation we obtain:
δsg(r) = δ
r
g(r)−
(
∂2
∂r2
)
∇−2δrm(r, t) ; (2.146)
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if the growth is linear we can drop the temporal dependence in the last term and introduce
f (Equation 2.115):
δsg(r) = δ
r
g(r)− f
(
∂2
∂r2
)
∇−2δrm(r) , (2.147)
and if the bias is linear:
δsg(r) = bδ
r
m(r)− f
(
∂2
∂r2
)
∇−2δrm(r) . (2.148)
With all those assumptions we can write the power spectrum as:
P (~k1, ~k1) ∝
∫
〈δ1δ2〉e−i(k1r1+k2r2) ; (2.149)
at this point, introducing the distant observer approximation we have the Kaiser formula
2.49:
P s(~k) = P r(~k)
(
1 + βµ2
)2
. (2.150)
As we will see, all these approximations can introduce errors in measurements of RSD;
we will now examine the errors that can arise when using inappropriately that the Kaiser
model, in particular when neglecting the fact that θ 6= 0.
Nonlinear effects
In the following, we are only interested in the signal on large-scales where linear theory
should be strongest. We therefore assume that all non-linear effects are small except
for the fact that the matter power spectrum itself goes non-linear, because of the scale-
dependent non-linear growth on smaller scales; we allow the overall power spectrum
shape to deviate from the linear form. In order to approximate the non-linear power
spectrum, we adopt a two-component model, which splits P (k) into a “smooth” part
that describes the overall shape and a “wiggled” part that describes the Baryon Acoustic
Oscillations:
PBAO(k, µ) = Pfull(k, µ)− Psmooth(k, µ) . (2.151)
The “smooth” part is defined by taking some reasonably spaced points ki and then inter-
polating the linear power spectrum values between those nodes using a bi-cubic spline
interpolation routine (Press et al., 1992). In this work we use ki spacing similar to Perci-
val et al. (2010); we place nodes at k = 0.001, k = 0.25 and k = 0.25 + 0.05n where n
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is large enough for the purposes of recovering the correlation function by the means of a
Fourier transform.2
The primary non-linear effect on the BAO component of the power spectrum is a
damping on small scales, which can be well approximated by a Gaussian smoothing
(Bharadwaj, 1996; Crocce & Scoccimarro, 2006, 2008; Eisenstein et al., 2007; Matsub-
ara, 2008b,a):
P nlBAO(k, µ) = P
lin
bao(k, µ) exp
{
−k2
[
(1− µ2)Σ⊥
2
+
µ2Σ //
2
]}
, (2.152)
where Σ⊥ and Σ // depend on Σ0, that is a constant phenomenologically describing the
nonlinear diffusion of the BAO peak due to nonlinear evolution. From N-body simula-
tions its numerical value is of order 10h−1 Mpc and seems to depend linearly on σ8 but
only weakly on k and cosmological parameters.
Next order non-linear effect results in a tilt of correlation function on large scales just
before the BAO peak (for details see, Sa´nchez et al., 2009). We do not consider this and
other higher order terms in our computations. Robust data analysis of future high quality
measurements should also include a modelling of this small scale nonlinear effects.
2.7.2 Fingers of god effect
Within dark matter haloes the peculiar velocities of galaxies are highly non-linear. These
velocities can induce RSD that are larger than the real-space distance between galaxies
within the halo. This gives rise to the observed fingers of god (FOG) effect – strong
elongation of structures along the line of sight (Jackson, 1972). The FOG effect gives
a sharp reduction of the power spectrum on small scales compared to the predictions of
the linear model, and is usually modeled by multiplying the linear power-spectrum by
a function F (σv, k, µ), where σv is the average velocity dispersion of galaxies within
the relevant haloes. The function F is chosen so that it is small on small scales and
approaches unity for scales larger than 1/σv. The two most frequently used functions are
(e.g. Cole et al., 1995; Peacock & Dodds, 1996):
FLorentzian(k, µ
2) =
[
1 + (kσvµ)
2
]−1
, (2.153)
FGaussian(k, µ
2) = exp
[−(kσvµ)2] . (2.154)
Note that this model is constructed by an ad-hoc splicing of the FOG signal together
with the linear model and ignores the scale-dependence of the mapping between real and
2When making actual Fourier transform we are using much denser set of nodes compared to the ones
used to define “smooth” power-spectrum to make sure that the noise introduced by discreetness of Fourier
transform is small.
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redshift-space separations (Fisher, 1995; Scoccimarro, 2004, and references therein). In
addition, the exact form of F (k, µ2), and the value of σv is strongly dependent on the
galaxy population (Jing & Bo¨rner, 2004; Li et al., 2007).
The Gaussian smoothing in Equation (2.152), amongst other nonlinear effects, also
accounts for the damping due to random velocities described by Equations 2.153 and
2.154.
2.7.3 The SDSS data
We use data from the SDSS data release 7 (DR7), which obtained wide-field CCD pho-
tometry (Gunn et al. (1998)) in five passbands (u, g, r, i, z; e.g. Fukugita et al. (1996)),
amassing nearly 10,000 square degrees of imaging data for which object detection is re-
liable to r ∼ 22 (Abazajian et al., 2009a). From these photometric data, Luminous Red
Galaxies (LRG) were targeted Eisenstein et al. (2001) and spectroscopically observed,
yielding a sample of 106,341 LRGs in the redshift bin 0.16 < z < 0.44. The redshift
distribution of galaxies in this catalogue is shown on Fig. 2.19.
To study clustering properties of LRGs we create a random catalogue that has unclus-
tered “galaxies” randomly distributed with the same angular mask as SDSS DR7. The
angular distribution of these galaxies was chosen as described in Reid et al. (2010). Our
random catalogue has approximately 50 times more objects than the real catalogue.
To test our analysis of the effects that have to be taken into account to analyse RSD
in SDSS DR7 data, and to estimate the statistical errors on our measurements we use
galaxy catalogues from the Large Suite of Dark Matter Simulations (LasDamas: McBride
et al. 2011)3. The LasDamas simulations are designed to model the clustering of Sloan
Digital Sky Survey (SDSS) galaxies in a wide luminosity range and in the redshift range
0.16 < z < 0.44. The simulations are produced by placing artificial galaxies inside dark
matter halos using an HOD with parameters measured from the respective SDSS galaxy
samples. We use 80 “Oriana” catalogues that have exactly the same angular mask as
the SDSS survey and subsample them to match the redshift distribution of the Luminous
Red Galaxies (LRG) in our SDSS DR7 data set. The LasDamas mocks have insufficient
galaxies at redshifts below z < 0.2, as a result the mocks will slightly overestimate the
shot noise. We do not expect this to be important since the effected region contains only
a small fraction of the volume available.
3 http://lss.phy.vanderbilt.edu/lasdamas/
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Figure 2.19: Histogram showing the redshift distribution of galaxies in the SDSS DR7
LRG catalogue used in our analysis.
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Calculating momenta of the correlation function
As we saw in Section 2.6, the linear RSD information can be extracted from the zeroth,
second and fourth Legendre momenta of the galaxy correlation function with respect
to the variable µ (Hamilton, 1992). To estimate those three we use Landy-Szalay type
estimators (Landy & Szalay, 1993):
ξˆ`(xi) =
∑
j,k {L`(µj) [DD(xi, µj, θk)− 2DR(xi, µj, θk) +RR(xi, µj, θk)]}∑
j,k [RR(xi, µj, θk)]
, (2.155)
where µ=cos(φ), DD(xi, µj, θk), DR(xi, µj, θk) and RR(xi, µj, θk) are the numbers of
galaxy-galaxy, galaxy-random and random-random pairs in bins centered on xi, µj and
θk, and L` are the Legendre polynomials.
We can form an estimator for Q(x) by replacing the integral in Equation (2.112) with
a discrete sum:
Qˆ(xi) =
ξˆ2(xi)
ξˆ0(xi)− 3x3i
j≤i∑
j=0
ξˆ0(xj)x
2
j∆xj
. (2.156)
We apply exactly the same weighting to the mocks as to the real catalogue and com-
pute zeroth, second and fourth Legendre momenta of the redshift-space correlation func-
tion from them using Eq. (2.155). We also compute the normalised quadrupole Q(r) as
given by Eq. (2.156).
Distribution of θ and µ
For surveys that cover a significant fraction of the sky, the distribution of galaxies pairs
becomes non-trivial. The survey geometry results in the galaxy pair distribution that has
a complicated dependence on the variables r, µ and θ, since not all sets of their combi-
nations are equally likely or even geometrically possible. In particular the distribution of
µ does not correspond to that of an isotropic pair distribution. This will strongly bias the
measurement of angular momenta of the correlation function.
We have seen in Section 2.5.1 the effect on the correlation function of a non-zero
fixed angular separation. A real data analysis will have the correlation functions for
different θ averaged with weights that depend on its distribution in the pairs observed:
obviously, the more pairs with wide angular separation are surveyed, the more the “true”
correlation function will deviate from the plane-parallel analysis. In Figure 2.20 is shown
the distribution of θ of observed LRGs in the SDSS DR7 catalogue. As expected, in this
case the number of pairs with relatively large θ is very small, and it increases with the
linear separation of pairs.
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Figure 2.20: Normalised distribution of pairs in SDSS DR7 LRG catalogue as a function
of θ at different scales.
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We expect this distribution to be broader and even centred away from θ = 0 for some
of the current and future redshift survey; we saw in Section 2.5.1 the effect of neglecting
the θ distribution in the estimate of the γ parameter, and so the error that this can induce
in its measurement. Of course the correlation function depends on many cosmological
parameters, so this error could lead to other wrong estimates.
Other than the wide-angle and the mode coupling corrections, there is also another
difference that has to be taken in account when doing a real-data wide-angle analysis, that
derives from the fact that the distribution of galaxies in µ will be non-trivial, with some
values of µ not permitted for non-zero θ. As a consequence, we will not be able to mea-
sure pure Legendre momenta of the correlation function, but instead will use weighted
integrals and biased momenta. In the following we refer to this effect as to the “µ-
distribution”; it could be applied to plane-parallel and wide-angle theory of individual
line-of-sight.
Allowing for full distribution of galaxy pairs, the estimates of Legendre momenta
given by Equation (2.155) correspond to
ξ`(x) =
∫
ξ(x, µ, θ)W (x, µ, θ)P`(µ)dµdθ, (2.157)
where ξ(x, µ, θ) is given by either the wide-angle formula in Equation (2.54) or its plane-
parallel equivalent computed from Equation (2.49). W (x, µ, θ) is a weight factor that
gives the relative number of pairs in a survey that form angles µ and θ for a given scale
x. The weight factor W is normalised so that∫
W (x, µ, θ)dµdθ = 1 , (2.158)
for all scales x. In practice, W (x, µ, θ) weights can be computed from the random cata-
logue; they will be given by properly normalised RR(x, µ, θ) number counts.
Figure 2.20, 2.21, show the normalized distribution of pairs in θ and µ for differ-
ent scales for the SDSS DR7 LRG catalogue. When the θ distribution tends towards a
delta function centred at θ = 0, the wide-angle effects become negligible. When the
distribution in µ tends towards a uniform one, this effect becomes negligible. In general,
the relative importance of the wide-angle effects on the measured correlation function
depends on the geometry of the survey, its redshift range and what scales are consid-
ered. The effect is stronger for lower redshifts and becomes increasingly important on
larger scales. Figure 2.21 implies that for SDSS DR7 observed geometry it is easier to
fit galaxy pairs across and along the line of sight rather than for angles in between, more
so for larger scales. In Section 2.7.4 we will show that for the SDSS DR7 geometry, the
difference due to wide angles are much smaller than statistical errors and can be safely
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Figure 2.21: Normalised distribution of pairs in SDSS DR7 LRG catalogue as a function
of µ at different scales.
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ignored even for scales as large as 200h−1 Mpc. The differences due to a nontrivial µ-
distribution are larger than wide-angle effects but small compared to current statistical
errors. For future surveys that aim to measure peculiar velocities at few percent level,
those would be important corrections even at this level, as they are of order of few per-
cent at large scales; but we expect them to be even more important as future experiments
will survey larger scales.
Relative importance of different effects
In Section 2.7.1 we described the assumptions that are made when using the Kaiser equa-
tion, and every one of these assumptions introduce an error in the estimate of the corre-
lation function.
We now consider the relative importance of the modifications to the linear plane-
parallel model as a function of scale; along with the effect described in Section 2.7.3,
we will consider nonlinear effects, such as diffusion of the BAO peak and small scale
nonlinearities.
To estimate the impact of different systematics we first compute a theoretical corre-
lation function for our fiducial model ξ(x)full including all effects; we compute linear
ξ(x) using CAMB (Lewis et al., 2000). Then we recompute the same correlation func-
tion by ignoring each of the systematic effects in turn to see by how much this changes
our theoretical estimates at different scales. The effect of µ distribution is studied first
by using the real distribution of angles in SDSS geometry for W and then assuming it
to have a uniform probability over all angles; the wide-angle effects are estimated by
substituting the full wide-angle correlation function by a two-dimensional plane-parallel
approximation.
Figures 2.22, 2.23 and 2.24 compare statistical errors on measurements of ξ`(x) and
Q(x) (for details on how these statistical errors are estimated see Section 2.7.3) with
the differences in best-fit theoretical models calculated with or without the modifications
considered above.
To summarise, our theoretical model of the correlation function will be given by:
ξth` (x) =
∫
ξth(x, µ, θ)W (x, µ, θ)L`(µ)dµdθ, (2.159)
where the function ξth(x, µ, θ) is computed by Fourier transforming a power-spectrum
given by formula in Equation (2.49); we will model the real-space power-spectrum on its
right hand side as a linear power-spectrum damped with a Gaussian function to account
for nonlinear diffusion of the BAO peak. In our analysis we will use a model given by
Equation (2.152) that partially includes the FOG effect on large scales and will ignore
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FOG effects on small scales. The other effects are considered negligible for the SDSS
data on these scales.
2.7.4 Measurements of correlation function from SDSS DR7
The full analysis of SDSS DR7 data is presented in Samushia, Percival, & Raccanelli
(2011), where we measure parameters describing the redshift evolution of the clustering
of LRGs. Here we present the estimate of the errors arising from assuming the simplified
Kaiser formula.
In Figure 2.22, 2.23, 2.24 are plotted the relative errors for the effects we consid-
ered, computed as described in Section 2.7.3, as a function of the separation scale. We
can see that, for SDSS-II, the wide angle effects are negligible in all the measurements
considered, due to the small number of pairs with wide separation. The µ-distribution
corrections for ξ0 are of the order of few percent for scales larger than 120 h−1 Mpc,
while they are slightly smaller at large scales, but considerably larger on small scales for
ξ2 and Q. Non-linear effects are important for scales below 40 h−1 Mpc, but for ξ0 they
are of the order of 1% even at very large scales, showing that a high precision measure-
ment of the correlation function, even at large scales, still needs to model FOG. The BAO
non-linearities are obviously important around the BAO peak but they need to be taken
in account up to 150 h−1 Mpc.
Figure 2.25 shows the measurement of Q from LasDamas mocks; the error-bars cor-
respond to the square root of the diagonal terms in the covariance matrix:
C =
1
79
∑[
Xˆ(xi)−X(xi)
] [
Xˆ(xj)−X(xj)
]
, (2.160)
where Xˆ(x) is a vector of the measurements of Q at scale x and X is the mean value
from all 80 mock catalogues.
In the Kaiser formalism Q(r) is expected to be a straight line damped at smaller
scales because of FOG effects. Figure 2.25 clearly show that the model adopted in Sec-
tion 2.7.3 can describe the measurements very well on all scales between 30h−1 Mpc
and 200h−1 Mpc, while using the Kaiser formula without modifications would fail to fit
on scales around BAO peak and larger.
All the final results and measurements of the cosmological parameters can be found
in Samushia, Percival, & Raccanelli (2011).
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Figure 2.22: Relative impact of nonlinear and wide-angle effects compared to non-linear
and statistical errors on the measurements of ξ0(x) from SDSS DR7 data.
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Figure 2.23: Relative impact of nonlinear and wide-angle effects compared to non-linear
and statistical errors on the measurements of ξ2(x) from SDSS DR7 data.
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Figure 2.24: Relative impact of nonlinear and wide-angle effects compared to non-linear
and statistical errors on the measurements of Q(x) from SDSS DR7 data.
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Figure 2.25: Measurements of mean Q from 80 LasDamas “Oriana” mocks in a redshift
range 0.16 < z < 0.44. Dotted line shows theoretical predictions of Kaiser model,
dashed line shows predictions of the Kaiser model with FOG corrections and accounting
for the fact that Q is computed from a discrete sum, while solid line corresponds to the
theoretical predictions of our model.
Chapter 3
The Integrated Sachs-Wolfe effect
In addition to Redshift-Space Distortions, that test the potential Φ of Equation 1.95, to
test the growth of structures we can also use the so-called Integrated Sachs-Wolfe (ISW)
effect (Sachs & Wolfe, 1967). This is a gravitational redshift due to the evolution of the
gravitational potential whilst photons pass through under- or over-densities in their path
from the last scattering surface to us, and it tests the sum of the derivative of the two
potentials, Φ˙ + Ψ˙, as we will see in this Chapter. Here we will give a brief description of
the physical mechanism that originates the (late) ISW effect and present the mathematical
formalism used to describe it. Applications using the ISW effect as a probe for large-scale
cosmology will be presented in the second part of the Chapter, based on two papers I co-
authored, focusing on contributions to modelling the ISW effect (Massardi et al., 2010;
Bertacca et al., 2011b).
At very early times the Universe is hot and dense, and photons are strongly coupled
to electrons and protons. Gradually the Universe cools and becomes less dense, until
protons and electrons form hydrogen (recombination), so that photons are free to travel
towards us (see Figure 3.1). This moment is called last scattering, and the edge that
we see looking back is called the last scattering surface; looking at that we can gather
information about the state of the Universe at a relatively young age, around 380 K years.
The photons leaving the last scattering surface form the Cosmic Microwave Back-
ground, which is extremely homogeneous, but has some small inhomogeneities due to
physical effects at the last scattering surface.
Travelling from the last scattering surface to us, CMB photons can pass through po-
tential wells of matter; in a Einstein-de Sitter universe gravitational potentials are static,
so the blueshift of a photon falling into a well is cancelled by the redshift as it climbs
out (see Figure 3.2). In a universe with a dark energy component or modifications to
General Relativity, instead, the gravitational potentials vary with time, so potential wells
are stretched or deepened while photons are traversing the well; thus now the blueshift is
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Figure 3.1: After recombination, photons that were scattered from baryons are free to
travel toward us.
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not perfectly compensated by the redshift, leading to a net change in photon energy (see
Figure 3.3), which accumulates along the photon path. This translates into measurable
CMB temperature anisotropies proportional to the time variation of the gravitational po-
tential; this is called the Integrated Sachs-Wolfe effect, and it can contribute significantly
to CMB fluctuations on large angular scales.
Physically, the overdensities which establish the potential well “stretch” the space-
time fabric. As the potential well decays, it re-contracts; photons which are caught in this
contraction have their wavelength contracted, i.e. blueshifted (see Figure 3.2, 3.3); the
differential redshift from Ψ˙ and dilation from Φ˙ must be integrated along the trajectory
of the photons.
We can then see why the ISW effect tests the sum of the derivative of the two poten-
tials, Φ˙ + Ψ˙: the decay of the potential |Ψ| decreases the gravitational redshift leading
to an effective blueshift in the well, and the curvature perturbation |Φ| decay represents a
contraction of space which blueshifts photons through time dilation that increases the Ψ
effect.
As we saw in Chapter 1, data suggests that the Universe is experiencing a phase of
accelerated expansion, and in this case the potential variations will stretch gravitational
wells, leaving an imprint on CMB photons in the form of a shift in energy that translates
in a blueshift in correspondence of wells and a redshift in correspondence of voids.
The ISW, however, enhances only the low ` multipoles, because the power of fluctu-
ations of the potential is bigger on bigger scales and redshift-blueshift cancellations cut
off contributions at small scales where the photon traverses many wavelengths during the
decay. It is also smaller than the other CMB anisotropies (Tegmark, 1996), so, as first
pointed out by Crittenden & Turok (1996), a way of probing the Integrated Sachs-Wolfe
effect is through correlations of Cosmic Microwave Background maps with tracers of
large scale structure. Following the current cosmological model, cosmic structures form
from overdensities, and hence the galaxy density traces the potential wells: if the evo-
lution of potentials is modified by dark energy or modified gravity, we should observe a
correlation between CMB temperature anisotropies and galaxy distribution.
The comparison of the correlations inferred from the data with model predictions
require two basic ingredients: the evolution of the gravitational potentials and of the
clustering of structures; for these reasons, a detection of the ISW is both a proof of the
evolution of potentials and a measure of cosmological parameters.
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Figure 3.2: Gravitational potential well; if the potentials are static, photons passing
through it will experience equal blue- and red-shift falling in and climbing out.
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Figure 3.3: If the gravitational potential is not static (e.g. dark energy stretches the well),
the energy needed by photons to climb out of the well is less than that gained falling
inside it, so photons will experience a net gain in energy, that translates in a temperature
shift.
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3.1 Ordinary and Integrated Sachs-Wolfe Effect
On large scales, gravity dominates the anisotropy through redshift and dilation (Sachs &
Wolfe, 1967). Its effects are usually broken up into two parts. Contributions at or before
last scattering combine to form the ordinary Sachs-Wolfe (SW) effect. Those occurring
after last scattering are referred to as the integrated Sachs-Wolfe (ISW) effect.
3.1.1 Ordinary Sachs-Wolfe Effect
As the photons climb out of potential wells at last scattering, gravity redshifts the temper-
ature to Θ0 → Θ0 + Ψ, where |Ψ| < 0 in a potential well. The effective perturbation at
last scattering is thus [Θ + Ψ](η∗). The combination of intrinsic temperature fluctuations
and gravitational redshift is called the ordinary Sachs-Wolfe (SW) effect (Sachs & Wolfe,
1967).
3.1.2 Integrated Sachs-Wolfe effects: early, late and non linear
After recombination, baryons are no longer bound to photons via Thomson scattering,
but they keep interacting with them gravitationally.
The gravitational effects due to temporal variations of the potential modify the CMB’s
temperature, and are called Integrated Sachs-Wolfe (ISW) effects; they can be divided in:
early, late and non-linear (also called Rees-Sciama effect).
The ISW effect on a single photon can be described as:
δT
T
=
∫ [
Φ˙[r(t), T ] + Ψ˙[r(t), T ]
]
dt, (3.1)
where φ˙ is the derivative of φ with respect to the conformal time. When a photon enters
in a potential well it gains energy, that it will lose climbing out of the well. If the potential
is static, the net energy balance is null, and the photon, at the exit of the well, will have
the same energy it had before entering. If the potential varies while the photon is passing
through the well, the balance is not anymore zero, and thus there can be a net blue- or
red-shift.
In the linear regime, after the start of the matter domination, the gravitational potential
remains constant; this happens because, in an Einstein-de Sitter Universe, the overdensity
growth is balanced, in the potential, by the expansion of the universe. From the Poisson
equation we have:
∇2φ = 4piGa2ρbδ; (3.2)
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given that ρb ∝ a−3 and δ ∝ a, the temporal evolution is:
∇2φ ∝ a2a−3a ∝ const. (3.3)
There are three cases for which φ˙ 6= 0:
3.1.3 Early ISW
Just after the recombination, the universe is not yet completely dominated by matter,
and photons provide a non-negligible contribution to the potential fluctuations : φ =
φDM + φB + φR. Diffusion of photons freed from Thomson scattering cause a decay of
Φ , thus φ˙ < 0, that causes δT/T < 0; this is called early ISW effect.
Given that it affects scales of the order of the horizon at recombination, the early ISW
effect has a peak at values of ` of the order of those of the first acoustic peak.
The early ISW effect moves toward larger scales the first Doppler peak.
3.1.4 Rees-Sciama effect
When z  zrec, we can not use the linear perturbation theory. Photons entering potential
wells that are growing experience a negative shift in energy at the exit of the well (so
they are redshifted), while photons passing through a growing void will be blueshifted;
this effect can also be due to non-linear growth. The Rees-Sciama effect is however of
the second order, and its contribute to the C`s is around 3 orders of magnitude less than
the primary anisotropies.
3.1.5 Late ISW
If there is a dark energy component in the Universe, or if General Relativity needs to be
modified (see Chapter 1 for details), the potentials can vary with time. If the potentials
vary with time, the photon will experience differential redshifts due to the gradient of
Ψ, which no longer yield equal and opposite contributions as the photons enter and exit
the potential well, and time dilation from Φ; they act like an impulse (Ψ˙ − Φ˙)δη which
then free streams to the present. The sum of these contributions along the line of sight
is called the Integrated Sachs-Wolfe (ISW) effect. This effect is called late ISW because
the dark energy component (or the modifications to GR) become important only at low
redshift, and it affects only large angular scales. For both the early and late ISW, the
effect decreases on scales that are below the horizon scale at the epoch of their formation.
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The expression for the total contribution requires solving the Boltzmann equation and its
derivation can be found in textbooks (e.g. Dodelson, 2003); it can be written as:
Θ`(η, k)
2`+ 1
= [Θ0 + Ψ](η∗, k)j`[k(η0 − η∗)] (3.4)
+
∫ η0
η∗
[Ψ′ + Φ′](η, k)j`[k(η0 − η)]dη ,
where the first term represents the ordinary, while the second term the integrated Sachs-
Wolfe effect, that can be 5 times smaller than the early ISW (Hu, 1995). In Equation 3.4
j` is the spherical Bessel function, η∗ and η0 are the conformal time at decoupling and
today, respectively, and the prime denotes the derivative with respect to η.
After the start of Λ domination, the potential decays again, at the same rate for all
scales. The expansion time scale at Λ domination η(aΛ) sets a critical wavelength corre-
sponding to kη(aΛ) = 1. This wavelength separates two different regimes, in which the
ISW integral becomes (Hu, 1995):
∫ η0
η∗
[Ψ˙ + Φ˙]j`[k(η0 − η)]dη '
[∆Ψ + ∆Φ]j`[k(η0 − η(aΛ))] kη(aΛ) 1[Ψ˙ + Φ˙](ηk)I`/k kη(aΛ) 1, (3.5)
where ∆Φ and ∆Ψ are the changes in potential from the matter domination to today,
ηk = η0 − (`+ 1/2)/k, and I` is given by:
I` ≡
∫ ∞
0
dxj`(x) =
√
pi
2
Γ[1
2
(`+ 1)]
Γ[1
2
(`+ 2)]
. (3.6)
The limits physically corresponds to two cases:
i) If the wavelength is much larger than the distance a photon can travel during the
decay, photons receive an instantaneous kick. The result is similar to the ordinary
SW and early ISW effects;
ii) In the opposite limit, the photon passes through many wavelengths during the decay
and suffers a series of red- and blue-shifts from peaks and troughs, and the result is
a cancellation of contributions.
For kη(aΛ)  1, cancellation is ineffective and like its early counterpart, the late
ISW effect opposes the SW effect. As one can see from Equation (3.5), these modes
contribute little to ` ≥ 2, since k(η0 − η(aΛ))  1. At the smallest scales, the late
ISW effect is entirely cancelled; again this implies that Λ spectra have a small boost in
anisotropies from the late ISW effect only at the lowest multipoles.
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Since dark energy domination occurs at recent times, the critical wavelength is ap-
proximately the horizon size today. Thus most contributions will come from the cancel-
lation regime if the k modes are weighted equally.
While the SW effect predicts a flat spectrum, the late ISW, due to Λ , decreases with
` because of the cancellation. In the general case of power law initial spectra, the total
contribution becomes:
CISW` ' 2BV
(
Γ[1
2
(`+ 1)]
Γ[1
2
(`+ 2)]
)2 ∫ ∞
0
dk
k
kn−3
[
D
a
(
D˙
D
− a˙
a
)]2
η=ηk
, (3.7)
where B is a normalisation constant.
3.1.6 Newtonian Potentials of the perturbations
In the ΛCDM case, it is possible to obtain an analytical expression for the ISW effect; a
formal derivation can be found in Czinner et al. (2005a), and here we will illustrate the
main steps and the final result.
In the context of the Bardeen’s covariant linear perturbation formalism and the New-
tonian gauge, the unperturbed metric in a homogeneous and isotropic universe is the
FLRW metric:
ds2 = −dt2 + a2(t)γµνdxµdxν , (3.8)
with the three metric γµν of a space with constant spatial curvature K; the linear pertur-
bations of the metric tensor for a spatially flat, FLRW universe have the general form
g00 = −(1 + 2A) ,
g0α = −aBα , (3.9)
gαβ = a
2 [(1 + 2HL) γαβ + 2HTαβ] ,
where the functions A, HL, Bα and HTαβ give a complete representation of the metric
and HTαβ is a 3× 3 trace-free tensor.
It is possible to construct three gauge invariant quantities, Ψ , Φ from the metric
tensor amplitudes, and V from the matter velocity (Bardeen et al., 1986). These gauge
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invariant quantities are
Ψ = A+
1
k
d
dt
(aB)− 1
k2
d
dt
(
a2H˙T
)
,
Φ = HL +
1
3
HT +
a˙B
k
− 1
k2
aa˙H˙T , (3.10)
V = v − 1
k
aH˙T ,
where a dot denotes the derivative with respect to the comoving time coordinate t and v is
the velocity perturbation of the matter field. We use the complete first order solution given
in comoving coordinates (Czinner et al., 2005b), to obtain the metric tensor amplitudes
in the Newtonian gauge.
After some algebra and neglecting the non-physical terms, the solution can be written
as (Czinner et al., 2005a):
Ψ = − 1
24/3
cosh(Ct)
sinh5/3(Ct)
I(t)Bk , (3.11)
Φ = −Ψ , (3.12)
V =
3k
4Ca0
[
I(t)
21/3 sinh4/3(Ct)
− sinh
1/3(Ct)
cosh(Ct)
]
Bk , (3.13)
δρ =
k2
21/3a20
cosh(Ct)I(t)
sinh3(Ct)
Bk , (3.14)
where:
I(x) =
1
21/6
√
3 +
√
3 i
(
E(x)− 3 +
√
3 i
6
F (x)
)
− 21/3
√
x (1− x)√
x3 + 1
, (3.15)
x(t) =
a(t)
a0
= sinh2/3(Ct) , (3.16)
and E, F are the following incomplete elliptic integrals (Perje´s et al., 2004):
E(x) = E
√(3 +√3 i)x
2(x+ 1)
∣∣∣∣∣i−
√
3
2
 , (3.17)
F (x) = F
√(3 +√3 i)x
2(x+ 1)
∣∣∣∣∣i−
√
3
2
 .
3.1.7 The CMB temperature field
The main observable of the CMB is its intensity as a frequency and direction in the sky nˆ.
Given that the CMB spectrum is with good approximation the one of a black body with
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temperature T , almost constant, in general we can describe it in terms of fluctuations of
temperature Θ(nˆ) = ∆T/T .
If the fluctuations are gaussian, then the multipoles of the temperature field:
Θ`m =
∫
dnˆY ∗`m(nˆ)Θ(nˆ), (3.18)
are completely characterised from their power spectrum:
〈Θ∗`mΘ`′m′〉 = δ``′δmm′C`. (3.19)
For this reason CMB analyses are generally performed in Fourier space; in small patches
of the sky, where curvature is negligible, we can use 2D Fourier analysis, and in this
limit ` becomes the Fourier wavenumber. The angular distance is θ = 2pi/`, so high
multipoles correspond to small scales, with ` ∼ 102, that represents angular separations
of one degree. In this limit the variance of the field is
∫
d2`C`/(2pi)
2, and the power
spectrum is written as:
∆2T ≡
`(`+ 1)
2pi
C`T
2. (3.20)
3.1.8 The power spectrum of the late ISW effect
For Λ models, the ISW term in Equation 3.4 yields both early and late type contributions.
The method of the calculation is well known (Hu & Sugiyama, 1995), therefore we
do not present it in details, and hereafter we discuss only the main steps and the most
important equations of the procedure.
The power in the `th multipole is denoted by C`, where:
2`+ 1
4pi
C` =
V
2pi2
∫ ∞
0
dk
k
k3
|Θ`(η, k)|2
2`+ 1
(3.21)
and Θ` is the multipole decomposition of the fractional temperature fluctuation (Hu &
Sugiyama, 1995).
An observer today sees acoustic oscillations in temperature on a sphere at x = D∗nˆ,
where nˆ is the direction and D∗ = η0 − η∗ is the distance photons can travel between
the recombination and today. We can therefore write the expression for the observed
anisotropies in terms of spherical harmonics:
Θ(nˆ, η0) =
∑
`m
Y`m(nˆ)
[
(−i)`
∫
d3k
(2pi)3
[Θ + Ψ](k, η∗)j`(kD∗)Y ∗`m(kˆ)
]
. (3.22)
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Given that spherical harmonics are orthogonal, Equation 3.22 implies that today Θ`m is
given by the integral in square brackets.
3.1.9 An analytical expression for the ISW power spectrum
In Section 3.1.6 we obtained the complete analytic solution of the scalar perturbation
quantities in the Newtonian gauge. In possession of this result we can deduce the anisotropy
power spectrum of the late ISW effect.
In Λ cosmological models the perturbation potential Ψ is related to the growth factor
D as Ψ ∼ D/a (Hu & Sugiyama, 1995). With the solution of the perturbation potential
Ψ, we can express the growth factor analytically as follows:
D ∼ aΨ ∼ coth(Ct)I(t) ≡
(
1 + x3
x3
)1/2
I(x) . (3.23)
We can rewrite Equation 3.7 as:
CISW` = 2BV
(
Γ[(`+ 1)/2]
Γ[(`+ 2)/2]
)2 ∫ ∞
0
Ψ′2(ηk, k)dk , (3.24)
and inserting the solution of Ψ into Equation 3.24 the argument of the integral becomes:
Ψ′2 =
25
9
2−2/3C2a20
[
21/3√
x(1 + x3)
− 1
3x3
(
2x3 + 5
)
I(x)
]2
|Ψ(0, k)|2 . (3.25)
3.2 The theoretical CMB-LSS cross-correlation function
As stated in Section 3, the ISW effect is detected via the cross-correlation with trac-
ers of gravitational potential wells; we will now derive the equations to compute this
cross-correlation. We can write the cross-correlation power spectrum between the sur-
face density fluctuations of galaxies and CMB temperature fluctuations as:
CgT` = 〈ag`maT∗`m〉 = 4pi
∫
dk
k
∆2(k)W g` (k)W
T
` (k), (3.26)
whereW g` andW
T
` are the sources and CMB windows functions, respectively, and ∆
2(k)
is the logarithmic matter power spectrum today:
∆2δ(k) =
k3
2pi2
Pδδ(k) = A
(
ck
H0
)3+n
T 2f (k); (3.27)
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where A is a normalisation constant, Pδδ(k) is the matter power spectrum with spectral
index n and Tf is the matter transfer function.
The cross-correlation function can also be computed in real space as a function of the
angular separation θ, and its relation to the C`s is:
CgT (θ) =
∑
`
2`+ 1
4pi
CgT` L`(cos θ). (3.28)
where L` are the Legendre polynomials of order `.
Equation 3.26 contains the window functions of the ISW effect and sources; we will
now show how to compute them.
3.2.1 The ISW window function
In the Newtonian gauge, scalar metric perturbations are specified by the potentials Ψ and
Φ:
ds2 = −a2(τ)[(1 + 2Ψ)dτ 2 − (1− 2Φ)d~x2]. (3.29)
The temperature anisotropies due to the ISW effect are expressed by an integral over the
conformal lookback time from today (η = 0) to the CMB decoupling surface ηdec:
ΘISW =
δT
T
= − 1
c2
∫ ηdec
0
(Φ˙ + Ψ˙)dη, (3.30)
where the dot represents a conformal time derivative and the integral is calculated along
the line of sight of the photon; η is the conformal look-back time, defined as:
η(z) =
∫ z
0
dz′
H(z)
=
∫ z
0
dz′
H0E(z′)
, (3.31)
and:
E(z) =
√
Ω0m (1 + z)
3 + ΩR (1 + z)
2 + ΩDEexp
[
3
∫ z
0
1 + w(z)
1 + z
dz
]
, (3.32)
where the subscripts R stands for the curvature, DE for dark energy, and w(z) is its time-
dependent equation of state (see Chapter 1 for details).
In the absence of anisotropic stress, the momentum constraint in GR fixes Φ = −Ψ,
so the ISW modification of the temperature of the CMB in GR becomes:
ΘISW =
δT
T
= − 2
c2
∫ ηdec
0
∂Φ
∂η
dη. (3.33)
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The local gravitational potential is related to the matter distribution via the Poisson
equation:
∇2Φ = 4piGa2%mδm, (3.34)
where the gradient is taken with respect to comoving coordinates; taking the Fourier
transform we have:
Φ(k, η) = −3
2
Ω0m
(
H0
ck
)2
g(η)δ(k), (3.35)
where H0 is the Hubble constant, g(η) ≡ D(η)/a(η) is the linear growth suppression
factor and δ(k) is the mass overdensity field.
Combining Equation 3.34 and 3.35, the window function for the ISW effect can be
written as:
W T` (k) = 3Ω0m
(
H0
ck
)2 ∫
∂Φ
∂z
j`[ckη(z)]dz, (3.36)
where Φ(z) is the Newtonian gravitational potential.
3.2.2 The LSS window function
Source counts are a biased tracer of the underlying matter distribution, and thus the pro-
jected number density of sources per steradian is related to the matter distribution via the:
n(z, nˆ)dzdΩ =
dN
dz
[1 + b(z)δ(z, nˆ)]dzdΩ. (3.37)
The window function can then be written:
W g` (k) =
∫
dN
dz
b(z)D(z)j`[ckη(z)]dz, (3.38)
where (dN/dz)dz is the mean number of sources per steradian with redshift z within
dz, brighter than the flux limit, b(z) is the bias factor relating the source overdensity to
the mass overdensity, assumed to be scale-independent, D(z) is the linear growth factor
of mass fluctuations, j`(x) is the spherical Bessel function of order `, and η(z) is the
conformal look-back time.
A very good approximation for D(z) in the ΛCDM model is (Lahav et al., 1991;
Carroll et al., 1992; Eisenstein, 1997):
g(z) =
5
2
Ωm(z)
{
Ωm(z)
4/7 − ΩΛ(z) +
[
1 +
Ωm(z)
2
] [
1 +
ΩΛ(z)
70
]}−1
, (3.39)
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where:
Ωm = Ωm0(1 + z)
3/E2(z), (3.40)
and:
ΩΛ = ΩΛ0/E
2(z), (3.41)
and:
ΩΛ0 = 1− Ωm0, (3.42)
are the present-day density parameters of non-relativistic matter and cosmological con-
stant, respectively.
3.3 The Measured Cross-Correlation ISW-LSS
The empirical cross-correlation function can be measured in real or in harmonic space;
the two methods are theoretically equivalent for a full sky analysis and they have both
been used to detect the ISW cross-correlations, but the real space is more straightforward
to apply when one has to account for sky masking. In practice one pixelises CMB tem-
perature and LSS catalogue maps, assigning the average temperature or the total number
of sources to each pixel.
The measured cross-correlation is then computed as:
CˆNT (θk) =
∑
NiTjw
N
i w
T
j∑
wNi w
T
j
, (3.43)
where Ni is the number of sources in the i-th pixel of the map of number count fluctua-
tions, Tj is the temperature fluctuation in the j-th pixel of the CMB map, the two pixels
being at an angular distance θk. The weights wTj and w
N
i are equal to unity for valid pix-
els or equal to zero if the pixels fall within a region not covered by the survey or masked
(when the mask cover partially a pixel, the pixel can be appropriately weighted in the
measurements assigning a fractional weight); the apex T and N refer to the CMB and to
the observed source maps, respectively.
3.4 Error Analysis
3.4.1 Theoretical Errors
Theoretical expectations for the errors are simpler in Harmonic space where the covari-
ance matrix is diagonal in the full-sky limit. In particular, for Gaussian fields, the variance
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is:
σCgT`
=
√√√√(CgT` )2 + Cgg` CTT`
(2`+ 1)fsky
, (3.44)
where fsky is the sky coverage of the survey; C
gg
` and C
TT
` are the auto-correlations
density-density and temperature-temperature and they contain also shot noise and detec-
tor noise. This indicates that the variance of the power spectrum estimator results from
quadratic combinations of the auto- and cross- power, with an amplitude that depends on
the number of independent m-modes available to estimate the power at a scale `, which
is approximately given by fsky(2`+ 1).
Partial sky coverage introduces a boundary which results in the correlation of different
` modes: the spherical harmonic basis is no longer orthonormal on an incomplete sky.
Thus the covariance matrix between different modes:
Cov(C`, C`′) =< (C`− < C` >)(C`′− < C`′ >) >, (3.45)
is no longer diagonal. Because of the partial sky coverage there is less power on the
smaller multipoles. This could result in a systematic bias on the low multipoles of C`
that should be modelled with the appropriate window correction of the survey mask.
Using the Legendre transform it is possible to propagate the error σC` in Equa-
tion 3.44 to configuration space:
σ2w(θ) =
∑
`
(
2`+ 1
4pi
)2
P 2` (µ) σ
2C`, (3.46)
where µ ≡ cosθ. For the covariance matrix, we find:
Cij =
∑
`
(
2`+ 1
4pi
)2
P`(µi) P`(µj) ∆
2C`, (3.47)
where µi ≡ cosθi. Equation 3.47 and Equation 3.46 assume that different ` multipoles
are uncorrelated which is only strictly true for full-sky surveys, but the error introduced
by this approximation in small even for surveys that cover only 10% of the sky (Cabre
et al., 2007).
The signal to noise ratio of the CCF with a particular survey is given by(
S
N
)2
=
∑
`
(2`+ 1)
[CgT` ]
2
Cgg` C
TT
` + [C
gT
` ]
2
. (3.48)
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Errors in the Redshift Distribution
One of the key issues in the cross-correlation between the CMB and the large scale struc-
ture is the redshift distribution of sources; in addition to uncertainties in the redshift
measurements themselves, there are errors coming from the fact that the observed N(z)
is not the true one, but it is modified by redshift-space distortions (Rassat, 2009) and
magnification bias (LoVerde et al., 2007); however, those modifications are of higher
order and they don’t affect much the measurements.
3.4.2 Real Data Errors
There are a number of different ways to calculate the errors on this measurement, each
with their own advantages and drawbacks (Cabre et al., 2007). The most used estimation
of errors are the following three methods: a Monte Carlo method (MC1), where the
covariance matrix is estimated by measuring the CCF between random CMB maps while
keeping fixed the observed density map; a second Monte Carlo method (MC2), similar
to MC1 but keeping fixed the temperature map. Mock density maps are generated by
randomly redistributing the unmasked pixels of the true density map; a third Monte Carlo
method (MC3), similar to MC1 and MC2 but including random temperature and density
maps which are correlated at the expected level with the random temperature maps. MC3
is then the most precise of the three, but it is computationally more expensive, and the
MC1 and MC2 approximations give a good approximation (Giannantonio et al., 2008a);
and jack-knife errors (JK) which are estimated by looking at the variance of the CCF
when patches of the sky are removed.
To estimate the covariance between the different angular bins of a single CCF follow-
ing the MC1 and MC3 methods for each catalogue k we use the following estimator of
the full covariance matrix:
Cij = 1M
M∑
k=1
[
CˆTgk (ϑi)− C¯Tg(ϑi)
] [
CˆTgk (ϑj)− C¯Tg(ϑj)
]
, (3.49)
where C¯Tg(ϑi) are the mean correlation functions in the i-th angular bin over M real-
isations; the diagonal part of these matrices gives the variance of the CCF in each bin,
Ckii = σ2i , while the off-diagonal part represents the covariance between the points.
When using the MC2 method, for each mock density map we can compute the CCF
with the CMB map. In this way we obtaine a model-independent test of the null hypothe-
sis (no ISW signal). Since the distribution of sources in the mock maps does not trace the
large scale density field seen by the CMB, the distribution of the mock CCF(θk) allows
us to estimate the level of significance at which the null hypothesis can be rejected. Since
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such distribution is roughly Gaussian, the error on CCF(θk) is then estimated as the rms
value of the CCFs for the mock maps. A counter-check, can be to estimate the signifi-
cance of the signal from the fraction of mock CCFs at or above the CCF(θk) amplitude
derived from the real maps.
The last method to estimate the covariance (JK) consists in estimating the variance
by generating mock density maps from the true ones, simply discarding a small patch
of them. In practise, we can divide the original density map inM patches which have
roughly equal area, and discard in turn a different patch to calculate the CCF. The esti-
mator for the covariance matrix in this case is:
Cij = M− 1M
M∑
k=1
[
CˆTgk (ϑi)− C¯Tg(ϑi)
] [
CˆTgk (ϑj)− C¯Tg(ϑj)
]
, (3.50)
The advantage of this method is its model independence, but it has the big drawback of
giving different answers depending on the size and number of the discarded areas. It also
implicitly assumes independence of the various patches, which is not always the case.
3.5 Using the ISW to test models for the growth of struc-
tures
The cross-correlation between the LSS and the CMB is dependent on many functions
(such as the bias, the redshift distribution of sources, the growth factor, the evolution of
the gravitational potential), and can be used to measure them all. It is particularly well
suited to test cosmological models and the growth of structures, the goal of this thesis.
As we have seen in section 3.2, the cross-correlation between the CMB and the LSS
depends on various factors from both the window functions in Equation 3.26; it is influ-
enced by the evolution of the gravitational potential (Equation 3.36) and by the cluster-
ing and bias of structures (Equation 3.38), and for this reason it has been proposed as
an observational evidence for dark energy (Crittenden & Turok, 1996; Boughn & Crit-
tenden, 2002, 2004b). It has been detected using a number of different techniques and
experiments (e.g. Boughn & Crittenden 2004c,a; Nolta et al. 2004; Fosalba et al. 2003;
Pietrobon et al. 2006; Vielva et al. 2006; Rassat et al. 2007; McEwen et al. 2008; Gian-
nantonio 2008; Ho et al. 2008; Raccanelli et al. 2008; Francis & Peacock 2009; Granett
et al. 2009; for a recent review and more references see Dupe et al. 2010).
More recently, it has been used to test and constrain cosmological issues such as the
evolution and clustering of structures (e.g. Raccanelli et al. 2008; Massardi et al. 2010;
Schaefer et al. 2009), models of dark energy (e.g. Pogosian et al. 2005; Xia et al. 2009)
and alternative models for the gravitational potential, such as the DGP, Unified Dark
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Matter cosmologies and Brans-Dicke theories (e.g. Giannantonio et al. 2008b; Bertacca
et al. 2011b; De Felice et al. in preparation).
As an example of this, we present two applications of the ISW to test models:
i) an analysis of the cross-correlation between the CMB and the LSS in Unified Dark
Matter (UDM) scalar field cosmologies, that is based on Bertacca et al. (2011b), in
which we work out the predicted cross-correlation function in UDM models, which
depends on the speed of sound of the unified component, and compare it with obser-
vations from six galaxy catalogues (NVSS, HEAO, 2MASS, and SDSS main galax-
ies, luminous red galaxies, and quasars);
ii) a test of a new model for the evolution of low frequency radio sources, based on Mas-
sardi et al. (2010), in which we test the model using the resulting predicted ISW
effect against the cross-correlation of NVSS with WMAP CMB maps; in this work
we focus on computing the ISW effect, as a function of the redshift distribution of
sources.
3.5.1 Unified Dark Matter cosmologies
The ΛCDM model describes the Universe by means of two unknown components which
represent the 95% of the total energy density. This is theoretically unsatisfactory and al-
ternative models which describe DM and DE from an unique prospective have been pro-
posed, such as a single component behaving both as dark matter and dark energy, which
has been often referred to in literature as “Unified Dark Matter” (UDM), or “Quartessence”
(e.g. Kamenshchik et al. 2001; Bilic et al. 2002; Bento et al. 2002; Carturan & Finelli
2003; Amendola et al. 2003; Sandvik et al. 2004; Makler et al. 2003; Scherrer 2004; Gian-
nakis & Hu 2005; Bertacca et al. 2007; Bertacca & Bartolo 2007; Bertacca et al. 2008b;
Quercellini et al. 2007; Balbi et al. 2007; Bertacca et al. 2008a; Pietrobon et al. 2008;
Bilic et al. 2007; Camera et al. 2009; Li & Barrow 2009; Chimento et al. 2010; Piattella
2009; Gao et al. 2010; Camera et al. 2010; Lim et al. 2010; Bertacca et al. 2011a; Piat-
tella & Bertacca 2011; see Bertacca et al. (2010) for a recent review with an up-to-date
list of UDM models). In comparison with the standard DM + DE models, these models
have the advantage that they can describe the dynamics of the Universe with a single
scalar field which triggers both the accelerated expansion at late times and the structure
formation at earlier times. Specifically, for these models, we can use Lagrangians with a
non-canonical kinetic term (see e.g. Mukhanov 2005), namely a Lagrangian which is an
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arbitrary function of the scalar field and of the kinetic term of the scalar field, that will
give the following action:
S = SG + Sϕ =
∫
d4x
√−g
[
R
2
+ L(ϕ,X)
]
, (3.51)
where:
X = −1
2
∇µϕ∇µϕ . (3.52)
We will consider the cosmological models of Unified Dark Matter introduced in
Bertacca et al. (2008a) focusing on their predictions for the ISW-Large Scale Structure
(LSS) cross-correlation. We compare them to current observations and constrain the
sound speed c2s of the scalar field, which is the characterising parameter of the model,
and can be defined as:
c2s ≡
∂p/∂X
∂ρ/∂X
=
∂p/∂X
(∂p/∂X) + 2X(∂2p/∂X2)
. (3.53)
These models may not describe the Universe in fully accurate detail; they are also
still incomplete, in the sense that they are limited to the linear regime. However, they are
useful toy models that it is interesting to test, and can be helpful in detecting deviations
from the vanilla ΛCDM model.
3.5.2 Unified Dark Matter Scalar field models
In Bertacca et al. (2008a) it has been proposed a technique to construct UDM models
where the scalar field can have a sound speed small enough to allow for structure for-
mation and to avoid a strong integrated Sachs-Wolfe effect (Sachs & Wolfe, 1967) in
the CMB anisotropies which typically plagues UDM models (Carturan & Finelli, 2003;
Amendola et al., 2003; Bertacca & Bartolo, 2007; Camera et al., 2009, 2010). By apply-
ing this technique we can explicitly derive the functional forms of the energy density and
gravitational potential for the class of model we are interested in.
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Energy density
In particular, starting from the following scalar field Lagrangian L (Bertacca et al.,
2008a):
L(ϕ,X) = − Λc∞
(1− c2∞)
cosh (γϕ)
sinh (γϕ)
[
1 + (1− c2∞) sinh2 (γϕ)
]√1− 2X
Λ
− Λ
(1− c2∞)
[
(1− c2∞)2 sinh2 (γϕ) + 1− c2∞
]
1 + (1− c2∞) sinh2 (ϕ)
, (3.54)
where γ = [3/[4(1− c2∞)]]1/2, and once the initial value of ϕ is fixed at early times,
the scalar field Lagrangian is constant and equal to −Λ along the classical trajectories.
Specifically, when L = p = −Λ on cosmological scales, the background is identical to
the one of the ΛCDM. Indeed, if we consider the equation of motion of the scalar field,
and if p = −Λ, we easily obtain:
ρ [a(t)] = ρDM(a = 1)a
−3 + Λ ≡ ρDM + ρΛ , (3.55)
where ρΛ behaves like a cosmological constant (ρΛ = const.) and ρDM behaves like a DM
component (ρDM ∝ a−3). This result implies that we can think of the stress-tensor of the
scalar field as being made of two components: one behaving like a pressureless fluid, and
the other having negative pressure. Therefore the integration constant ρDM(a = 1) can
be interpreted as the “dark matter” component today with Ωm0 = ρDM(a = 1)/(3H02)
and ΩΛ0 = ρΛ/(3H02) the density parameters of DM and DE. In this case, the parametric
form for the sound speed is (Bertacca et al., 2008a):
cs
2(a) =
ΩΛ0c∞2
ΩΛ0 + (1− c∞2)Ωm0a−3 , (3.56)
where c∞ is the value of the sound speed when a → ∞. Let us emphasise that when
a→ 0, then cs → 0.
Specifically, our class of UDM models allows the value w = −1 for a → ∞. In
other words, they admit an effective cosmological constant energy density at late times.
Therefore, in order to compare the predictions of our UDM model with observational
data, we follow similarly the prescription used in Piattella (2009), where the density
contrast of the clustering fluid is δDM ≡ δρ/ρDM and where ρDM = ρ− ρΛ, by definition,
is the only component of the scalar field density which clusters (for adiabatic EoS see
Pietrobon et al., 2008; Piattella, 2009). According to this notation we can derive the
expression for the density contrast as function of the gravitational potential for scales
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smaller than the cosmological horizon and z < zrec, where zrec is the recombination
redshift (zrec ≈ 103):
δDM (k; z) =
δρ (k; z)
3H20 Ωm0 (1 + z)
3 = −
k2Φ (k; z)
(3/2)H20 Ωm0 (1 + z)
. (3.57)
Gravitational potential
Let us stress here an important point which holds for the models that we are considering
(i.e. those which reproduce the same expansion history of the ΛCDM Universe): the
gravitational potential evolves in the same way as in a ΛCDM Universe for those modes
with wavelengths larger than the sound horizon. In fact, we can write the usual solution
(Hu, 1998; Dodelson, 2003):
Φk1/λJ(k; z) = Bk
(
1− H(η)
a2(η)
∫ η
ηi
a2(η˜)dη˜
)
, (3.58)
for k2  1/λ2J(η); hereBk ' (9/10)Φp(k)Tm(k), where Φp(k) is the primordial gravita-
tional potential at large scales, set during inflation, (see e.g. Dodelson, 2003), and Tm(k)
is the matter transfer function suggested in Eisenstein (1997), that includes baryons (a
similar approach is been used also in Camera et al., 2010).
In this regime, k2  1/λ2J(η), we can write Φ(k; z) ' (9/10)Φp(k)Tm(k)(1 +
z)D(z), whereD(z) = g(z)/(1+z) is the growth factor and g(z) the growth suppression
factor for a ΛCDM Universe. In the opposite regime we have:
Φk1/λJ(k; η) =
1
2
[
p+ ρ
cs
]1/2
(η)Ck(η¯) cos
(
k
∫ η
η¯
cs(η˜)dη˜
)
, when k2  1/λ2J(η) .
(3.59)
In Equation 3.59 we have Ck(η¯) ' (9/10)Φp(k)Tm(k)C¯ , where C¯ is a constant of
integration:
C¯ = 2
(
1− H(η¯)
a2(η¯)
∫ η¯
ηi
a2(η˜)dη˜
)
[(p+ ρ)/cs]
1/2 (η¯)
. (3.60)
The value of C¯ is obtained under the approximation that for η < η¯ one can use the long
wavelength solution (3.58). In other words, we are assuming that there is an epoch in the
past when the sound speed is very close to zero (a condition that is necessary in unified
models to allow for structure formation). Notice that Equation 3.59 clearly shows that
the gravitational potential is oscillating and decaying in time for the perturbations inside
the sound horizon. Moreover, through Equation (3.57), we can draw the same conclusion
also for δDM(k, z).
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In order to connect these two regimes, we can introduce a scale-dependent growth
factor D(k; z) as Φ(k; z) ' (9/10)Φp(k)Tm(k)(1 + z)D(k; z). In the long-wavelength
regime, k2  1/λ2J(η), D(k; z) just reduces to D(z) = g(z)/(1 + z), according to the
previous discussion. In this way one can naturally define a transfer function, TUDM, as:
D(k; z) = TUDM(k; η(z))D(z) , (3.61)
or, in other words,
Φ(k; η) = TUDM(k; η)Φk1/λJ(k; η) . (3.62)
In particular, we impose that TUDM(k, η) = 1 for η < ηrec, where ηrec is some epoch
when the Universe is matter dominated and the radiation is negligible (usually later than
the recombination epoch). Before this epoch the sound speed must be very close to zero
to allow for structure formation.
Figure 3.4: Illustrative plot of TUDM as a function of the scale factor for k = 0.1 h
Mpc−1. From left to right, the curves correspond to the choice c2∞ = 10
−2, 10−3, 10−4
and ΛCDM model.
In Figure 3.4, 3.5 we show the evolution of TUDM as a function of the scale fac-
tor for k = 0.1 h Mpc−1 and of the wavenumber for a = 1. In order to investigate
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Figure 3.5: Illustrative plot of TUDM as a function of the wavenumber for a = 1. From
left to right, the curves correspond to the choice c2∞ = 10
−2, 10−3, 10−4 and ΛCDM
model.
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their behaviour at different scales, we study the evolution of the growth factor and the
gravitational potential for some values of k. In Figure 3.6, 3.8, 3.10 we compare the
growth factor, while in Figure 3.7, 3.9, 3.11 we compare the gravitational potential for
the ΛCDM case with the UDM one, with c2∞ = 10
−2, 10−3, 10−4; for the smallest value
of c2∞, the behaviour coincides with the one of the ΛCDM model, and the difference
from ΛCDM increases with k. These plots show that for large values of c∞ (when the
Jeans length becomes very large), the structure formation is affected and starts oscillating
rapidly, causing a decrease in the cross-correlation.
Figure 3.6: Growth factor Dk(z) as function of redshift for different Fourier modes, for
c2∞ = 10
−2. For k < 10−3 h Mpc−1 the UDM follows the ΛCDM behaviour (black solid
line). For larger modes the discrepancy increases with the sound speed.
Analytic approximation
We found a simple analytical expression for the UDM transfer function which fits very
well the numerical results given by:
TUDM(k; η) = j0(A(η)k) , (3.63)
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Figure 3.7: Normalized gravitational potential Φk(z) = Φ(k; z)/Φ(0; 103) as function
of redshift for different Fourier modes, for c2∞ = 10
−2. For k < 10−3 h Mpc−1 the
UDM follows the ΛCDM behaviour (black solid line). For larger modes the discrepancy
increases with the sound speed.
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Figure 3.8: Growth factor Dk(z) as function of redshift for different Fourier modes, for
c2∞ = 10
−3. For k < 10−3 h Mpc−1 the UDM follows the ΛCDM behaviour (black solid
line). For larger modes the discrepancy increases with the sound speed.
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Figure 3.9: Normalized gravitational potential Φk(z) = Φ(k; z)/Φ(0; 103) as function
of redshift for different Fourier modes, for c2∞ = 10
−3. For k < 10−3 h Mpc−1 the
UDM follows the ΛCDM behaviour (black solid line). For larger modes the discrepancy
increases with the sound speed.
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Figure 3.10: Growth factor Dk(z) as function of redshift for different Fourier modes, for
c2∞ = 10
−4. For k < 10−3 h Mpc−1 the UDM follows the ΛCDM behaviour (black solid
line). For larger modes the discrepancy increases with the sound speed.
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Figure 3.11: Normalized gravitational potential Φk(z) = Φ(k; z)/Φ(0; 103) as function
of redshift for different Fourier modes, for c2∞ = 10
−4. For k < 10−3 h Mpc−1 the
UDM follows the ΛCDM behaviour (black solid line). For larger modes the discrepancy
increases with the sound speed.
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where:
A(η) =
∫ η
ηrec
cs(η
′)dη′ = c∞
∫ a
arec
da
Ha2
√
1 + (1− c2∞)νa−3
, (3.64)
where ν = Ωm0/ΩΛ0 ≈ 0.387 and H2 = H20 ΩΛ0(1 + νa−3). SinceA(η) is not analytical
and we are going to consider c2∞ ≤ 10−2 (Bertacca & Bartolo, 2007), it is convenient to
expand cs in Equation 3.56 in Taylor series near c∞ = 0:
cs =
c∞√
1 + ν (1 + z)3
+
1
2
ν (1 + z)3[
1 + ν (1 + z)3
]3/2 c3∞ +O (c5∞) , (3.65)
where ν = Ωm0/ΩΛ0 ≈ 0.387. The approximation:
cs ≈ c∞√
1 + ν (1 + z)3
, (3.66)
is therefore very good, being the truncation error of order c3∞. Plugging Equation 3.66
into Equation 3.64, changing the integration variable to the scale factor a and choosing
a = 0 as lower integration limit we find:
A(a) ≈ c∞
∫ a
0
da
Ha2
√
1 + νa−3
=
c∞
H0Ω
1/2
Λ0
∫ a
0
da
a
a3 + ν
. (3.67)
The integration can be performed analytically and the result is:
H0Ω
1/2
Λ0 A(a)
c∞
≈
√
3 pi
18ν1/3
+
1
6ν1/3
ln
a2 − aν1/3 + ν2/3
(a+ ν1/3)
2 +
√
3
3ν1/3
arctan
(√
3
3
2a− ν1/3
ν1/3
)
.
(3.68)
In order to check the accuracy of the approximation of our fitting function (3.63), let
us define the following relation:
∆I
I
(c2∞) =
|IFit − INumeric|
INumeric
=
∣∣[∫ TUDM(k; a)dk da]− [∫ (Φ/Φk1/λJ)(k; a)dk da]∣∣[∫
(Φ/Φk1/λJ)(k; a)dk da
] .
(3.69)
From Figure 3.12 we can notice that at most we have a relative error about 3% for c2∞ =
10−2.
Now, using the transfer function of Equation 3.63, let us analyse in detail the be-
haviour of the gravitational potential, the growth factor and the power spectrum of δDM.
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Figure 3.12: Percentage difference between numerical solution and the analytic approxi-
mation used in our analysis (∆I/I , Equation 3.69) as function of c2∞. It can be seen that
the analytic approximation is very good and the discrepancy with respect to the exact
solution is at most few percent.
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In Figure 3.13 we show the power spectrum of the UDM energy density component
that clusters:
P (k; z) =
9
25
T 2m(k)T
2
UDM(k; z)
(
D(z)
Ωm0
)2(
k
H0
)4
PΦ(k) , (3.70)
where:
PΦ(k) =
(
50pi2
9
)
Aδ2H
(
Ωm0
D(z = 0)
)2
k−3
(
k
H0
)n−1
(3.71)
is the primordial 3D power spectrum of the potential field:
〈Φp(k)Φp(k′)〉 = (2pi)3δ(k+ k′)PΦ(k) , (3.72)
and A, δH are normalisation factors related to σ8 (Eisenstein, 1997); we use σ8 = 0.78,
that gives A = 1.06 (see Raccanelli et al., 2008).
Figure 3.13: Power spectrum P (k) of the UDM models for a wide range of c2∞.
Figure 3.13 confirms that, when k & kJ, Φ(k; z), D(k; z) and P (k; z) oscillate and
decay both as a function of time and k. As a result, the general trend is that the possible
appearance of a sound speed significantly different from zero at late times for these UDM
models corresponds to the appearance of a Jeans’ length under which the dark fluid does
CHAPTER 3. THE INTEGRATED SACHS-WOLFE EFFECT 125
10-4 0.001 0.01 0.1 1
k
10-11
10-9
10-7
10-5
0.001
PHkL_UDM
c¥=0.0001, z=1
c¥=0.0001, z=0
c¥=0.001, z=1
c¥=0.001, z=0
c¥=0.01,z =1
c¥=0.01, z=0
Figure 3.14: Redshift evolution of the shape of the power spectrum P (k) for UDM mod-
els for different values of c∞.
not cluster anymore. At small scales, only if the sound speed is small enough, UDM
reproduces ΛCDM (see also Bertacca & Bartolo 2007; Camera et al. 2009, 2010). The
redshift evolution of its shape is shown in Figure 3.14; as one can see, when the sound
speed get smaller, the shape of the power spectrum tends to remain constant with time,
while it evolves when the sound speed is not negligible.
3.5.3 Cross correlation between the CMB and the Large Scale Struc-
ture in UDM cosmologies
It is important to stress that in the UDM models there are two simple but important
aspects: first, the fluid which triggers the accelerated expansion at late times is also the
one which has to cluster in order to produce the structures we see today. Second, from
the last scattering to the present epoch, the energy density of the Universe is dominated
by a single dark fluid, and therefore the gravitational potential evolution is determined by
the background and perturbation evolution of just such a fluid. As a result, the possible
appearance of a sound speed significantly different from zero at late times corresponds
to the appearance of a Jeans length (or a sound horizon) under which the dark fluid does
not cluster anymore, causing a strong evolution in time of the gravitational potential
and of the fractional overdensity δDM which start to oscillate and decay. Thus, besides
having the possibility of a strong ISW effect for UDM models (Bertacca & Bartolo,
2007), it is interesting to analyse the possible changes of the cross-correlation between
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the distribution of galaxies and CMB signal in UDM models due to a non-negligible
sound speed, for example, with respect to the ΛCDM model.
For simplicity, we have assumed that the galaxy bias b is constant for each data
set; Figure 3.15 displays the redshift distributions of the catalogues to help understand-
ing their properties. The theoretical cross-correlation functions for the large scale sur-
veys discussed in Giannantonio et al. (2008a) (NVSS, SDSS main galaxies, LRGs, and
quasars, HEAO, 2MASS) in real and ` space are plotted in Figure (3.16, 3.17). The actual
shape of each catalogue depends on the redshift distribution of the sources; however in all
cases considered, the UDM model with c2∞ ≤ 10−4 is extremely close to the ΛCDM one.
In Figure 3.18 is shown the particular case of SDSS main galaxies catalogue, computed
for different values of the parameter c2∞ = 10
−2, . . . , 10−7 to highlight the effect of the
speed of sound on the CCF.
Figure 3.15: Redshift distribution of each catalogue used in this analysis.
The ISW effect is sensitive to the time derivative of the gravitational potential, hence
for the UDM model we discuss, it is expected to be higher for large values of the sound
speed: the cross-correlation signal in these cases is lower than in the ΛCDM model. This
effect can be explained through the oscillatory behaviour of the density contrast and of
the gravitational potential when k & kJ. Indeed this is due to two possible factors: i)
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Figure 3.16: Cross-correlation function between WMAP temperature CMB map and 6
catalogues of sources in real space.
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Figure 3.17: Cross-correlation function between WMAP temperature CMB map and 6
catalogues of sources in harmonic space.
CHAPTER 3. THE INTEGRATED SACHS-WOLFE EFFECT 129
Figure 3.18: The effect of c2∞ for the specific case of the SDSS galaxy survey.
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through the amplitude of the density contrast that decays over time: the presence of a
non-negligible speed of sound prevents the structure formation on scale smaller than the
Jeans’ length, so that one expects a cross-correlation in these cases lower than in the
ΛCDM model; ii) the rapid fluctuations between positive and negative values produce
a temporal mismatch between Φ˙ and δDM which determines a lowering of the cross-
correlation signal.
In the next section, we perform a χ2 analysis to determine which value of the sound
speed fits better the data. The measured 2-point correlation functions as well as the
covariance matrix between the catalogues are publicly available1, whereas the theoretical
curves are computed implementing the algorithm described in Raccanelli et al. (2008)
following the specifics of Giannantonio et al. (2008a). This analysis is not meant to fully
span the parameter space of the model, which is beyond the purpose of this work. We
assume the WMAP best-fit flat cosmology Dunkley et al. (2009) for Ωbh2, Ωch2, H0,
ns, As and ΩΛ and vary c∞ only, which is a peculiar feature of the UDM model under
investigation.
3.5.4 Data analysis
We use the ISW data from Giannantonio et al. (2008a), which were obtained cross-
correlating six galaxy catalogues with the WMAP maps of the CMB. This data set probes
the distribution of the large-scale structure in a wide redshift range 0 < z < 2, using dif-
ferent parts of the electro-magnetic spectrum. The used catalogues are: the 2MASS
infrared survey, the optical SDSS, which includes main galaxies, luminous red galaxies
and quasars, the radio-galaxies from NVSS and the X-ray background of HEAO. Al-
though not all the redshift distributions are known with a great accuracy, this represents
a first approximation towards a true tomographic reconstruction of the potentials.
All maps were coarsely pixellated on the sphere with a resolution of 0.9 deg. Then
the real-space cross-correlation functions (CCFs) were measured in angular bins of 1 deg
for 0 deg ≤ ϑ ≤ 12 deg, so that the full data set for the six catalogues consists of 78
points
(
c
Tng
i
)
obs
.
The full, strongly non-diagonal, covariance matrix Cij representing the uncertainties
on these points was calculated in three ways, using a model-independent jack-knife (JK)
approach and two different Monte Carlo methods. In the first (MC1), the real LSS maps
were cross-correlated with 5000 random CMB maps generated using Gaussian random
seeds. In the second (MC2), also the LSS maps were randomly produced, based on their
redshift distributions. These methods give comparable results, although it was found
that the JK approach is rather unreliable, due to strong dependencies on the particular
1http://www.usm.uni-muenchen.de/˜ tommaso/iswdata.php
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followed procedure. Here we decided to use the MC1, in order to conservatively avoid
having to use the redshift distributions of the catalogues in the calculation.
We then calculate the likelihood of a given model by calculating its theoretical CCF(
cTgi
)
theo
, based on the measured redshift distributions of each catalogue and on linear
theory. The likelihood is then obtained as L ∝ e−χ2/2, where:
χ2 =
∑
ij
[(
c
Tng
i
)
obs
−
(
c
Tng
i
)
theo
] [
C−1
]
ij
[(
c
Tng
j
)
obs
−
(
c
Tng
j
)
theo
]
. (3.73)
We assume that the galaxy bias is constant for each catalogue and we allow it to vary
around the value bfid reported by previous authors and confirmed by Giannantonio et al.
(2008a), in the range 0.5 bfid ≤ b ≤ 2 bfid, and marginalising over this additional degree
of freedom. We discuss our findings in the next section.
3.5.5 Results
The total likelihood for the speed of sound c2∞ is shown in Figure 3.19. The 95% con-
fidence level limits are c2∞ ∈ [0., 0.009]. This reveals that despite the large number of
surveys combined together the constraining power is weak and we hit the priors. The
ΛCDM model is a good fit to the data, but the distribution peaks to the value c2∞ = 10
−4.
We check the stability of the solution against the bias correction repeating the analysis
assuming the fiducial value for each catalogue. While the different treatment of the un-
certainty on how baryon trace cold dark matter marginally affects the confidence region
at 68%, the 95% bounds are unchanged.
In order to investigate whether this peak is a signature of any peculiar process hap-
pening at a specific redshift we performed the analysis for each catalogue separately. The
results are plotted in Figures (3.20, 3.21, 3.22, 3.23, 3.24, 3.25). For many surveys the
likelihood results monotonically decreasing with the speed of sound, peaking at the value
which recovers the standard model. Two of them show actually a peak at c2∞ = 10
−4:
HEAO and LRG. By looking at the redshift distribution of the sources, Figure 3.15, no
common feature emerges as a clear indication of some physical process. The two distri-
butions peak roughly at z ' 0.6, but the LRG one is extremely sharp, whereas HEAO
very broad.
We conclude then that current galaxy surveys are not very sensitive to the speed of
sound of the class of models we studied, the main reason being a not accurate enough
redshift characterisation of the samples, which would allow us to perform a tomographic
study of the time evolution of the cross-correlation function.
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Figure 3.19: Total likelihood of the parameter c2∞, in the UDM model resulting from the
combined analysis of the publicly available galaxy surveys. The horizontal dot-dashed
line marks the 95% confidence interval.
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Figure 3.20: Constraints on c2∞ set by each catalogue. Only two catalogues, HEAO
and LRG, show a mildly peaked distribution at c2∞ ' 0.001. The solid line shows the
likelihood marginalised over the nuisance bias parameter, whereas the dashed line is
obtained fixing the bias of each catalogue to its nominal value.
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Figure 3.21: Constraints on c2∞ set by each catalogue. Only two catalogues, HEAO
and LRG, show a mildly peaked distribution at c2∞ ' 0.001. The solid line shows the
likelihood marginalised over the nuisance bias parameter, whereas the dashed line is
obtained fixing the bias of each catalogue to its nominal value.
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Figure 3.22: Constraints on c2∞ set by each catalogue. Only two catalogues, HEAO
and LRG, show a mildly peaked distribution at c2∞ ' 0.001. The solid line shows the
likelihood marginalised over the nuisance bias parameter, whereas the dashed line is
obtained fixing the bias of each catalogue to its nominal value.
CHAPTER 3. THE INTEGRATED SACHS-WOLFE EFFECT 136
Figure 3.23: Constraints on c2∞ set by each catalogue. Only two catalogues, HEAO
and LRG, show a mildly peaked distribution at c2∞ ' 0.001. The solid line shows the
likelihood marginalised over the nuisance bias parameter, whereas the dashed line is
obtained fixing the bias of each catalogue to its nominal value.
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Figure 3.24: Constraints on c2∞ set by each catalogue. Only two catalogues, HEAO
and LRG, show a mildly peaked distribution at c2∞ ' 0.001. The solid line shows the
likelihood marginalised over the nuisance bias parameter, whereas the dashed line is
obtained fixing the bias of each catalogue to its nominal value.
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Figure 3.25: Constraints on c2∞ set by each catalogue. Only two catalogues, HEAO
and LRG, show a mildly peaked distribution at c2∞ ' 0.001. The solid line shows the
likelihood marginalised over the nuisance bias parameter, whereas the dashed line is
obtained fixing the bias of each catalogue to its nominal value.
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3.5.6 Tomographic analysis
In order to test for which range in redshift we could have the best opportunity to dis-
criminate between UDM models and ΛCDM, we perform a tomographic analysis, using
five mock redshift distributions, following the model in Hu & Scranton (2004) (see Fig-
ure 3.26).
Figure 3.26: Mock redshift distribution and redshift bins used to analyse the redshift
dependence of ISW.
Since the standard model coincides with the choice c2∞ = 0, with c
2
∞ = 10
−7 being
already a good approximation, and a UDM model with c2∞ = 10
−4 seems to be slightly
favoured by current observations, we compare the two cross-correlation functions com-
puted for the same redshift slices as a function of the peak of the galaxy distribution, zp,
looking for a signature of the different time evolution of the two models. In Figure (3.27,
3.28, 3.29) are our results; we plot the expected cross-correlation for the ΛCDM model
and for c2∞ = 10
−4 for all the bins showed in Figure 3.26 and the ratio between the two,
in order to understand which bin constrains better this kind of models. As one can see,
and as we expected (Camera et al., 2009), the maximum of the sensitivity is for low-
redshift surveys, so future tests of this model should be performed with tracers at low
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Figure 3.27: Angular (cross) power spectrum for each redshift bin for the ΛCDM model.
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Figure 3.28: Angular (cross) power spectrum for each redshift bin for c2∞ = 10
−4.
redshift. Indeed, sources at lower zp emit light that strongly feels the decay and the os-
cillations of the Newtonian potential, because this potential is sensitive to kJ(z, c∞), that
decreases with time, and to the presence of an effective ΩΛ, that plays the role of dark
energy (Camera et al., 2009; Bertacca & Bartolo, 2007).
3.5.7 Testing Redshift Distribution Models with the ISW
The still most widely used evolutionary models for radio sources at ν <∼ 5 GHz date back
to the 1990’s (Dunlop & Peacock, 1990; Toffolatti et al., 1998). Although these mod-
els proved to be very useful benchmarks even today, several of their building blocks
need to be updated, starting from the underlying cosmology (a matter dominated flat uni-
verse with H0 = 50 km s−1 Mpc−1). Even more importantly, large amounts of new data
have been accumulating since then, including new deep/large area surveys (see de Zotti
et al. 2010 for a review and references), identifications of sub-mJy sources at 1.4 GHz
(Seymour et al. 2008; Bondi et al. 2008; Ibar et al. 2009, and references therein), accu-
rate determinations of the local luminosity function (Magliocchetti et al., 2002; Condon
et al., 2002; Best et al., 2005; Mauch & Sadler, 2007), redshift distributions for complete
samples (Best et al., 1999; Willott et al., 2002; Jackson et al., 2002; Brookes et al., 2008;
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Figure 3.29: Relative difference between the ΛCDM case and the c2∞ = 10
−4 case. As
expected, the most sensitive bin is the first one, peaked at z ∼ 0.4; interestingly the
largest difference between the models occurs at ` ∼ 100.
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Gendre & Wall, 2008). Complete redshift information on source samples at different flux
limits is especially critical to clarify the evolutionary properties. For example, as shown
by Brookes et al. (2008), the observed redshift distribution of the CENSORS sample,
complete down to S1.4GHz = 7.2 mJy, is not well reproduced by any of the Dunlop &
Peacock (1990) models.
In this work we investigate to what extent the new data allow us to progress towards
answering these questions. The analysis is similar and complementary to the one by de
Zotti et al. (2005), holding for ν ≥ 5 GHz.
Redshift distributions
As mentioned in 3.5.7, particularly important new constraints on evolutionary models
have been provided by the redshift distribution for the Combined EIS-NVSS Survey Of
Radio Sources (CENSORS; Brookes et al. 2008). We have considered the complete
sample of 136 AGNs with Slim,1.4 GHz = 7.2 mJy over a 6 deg2 area. The 9 sources
having a lower limit for the redshift have been taken into account using the Kaplan-
Meier estimator (routine KMESTM in the software package ASURV Rev 1.2 (Isobe &
Feigelson, 1990), which implements the survival analysis methods presented in Feigelson
& Nelson, 1985; Isobe et al., 1986); Poisson errors have been adopted.
The model
Details on the models adopted for the redshift distribution and the bias (that was com-
puted in order to fit the observed angular correlation function) are described in Massardi
et al. (2010). In Figure 3.30 we show the product b(z) × N(z) that is the component
entering in the cross-correlation LSS-CMB via Equation 3.38.
Integrated Sachs Wolfe effect
All analyses carried out so far have used redshift distributions inconsistent with the CEN-
SORS results, and this has motivated our re-analysis exploiting the redshift distribution
yielded by the model. In addition we have redone the cross-correlation between the spa-
tial distribution of NVSS sources brighter than 10 mJy and the CMB map from WMAP
5yr data provided by Delabrouille et al. (2009). We have also exploited the WMAP
5yr ILC map (Hinshaw et al., 2009) for cross-checks only, because it is declared to be
sub-optimal for the angular scales we are interested in.
Since foreground cleaning of CMB maps is never perfect, we need to use a mask to
remove the most contaminated areas. The choice of the mask must be done carefully. In
fact, while a small mask allows a wider statistics to compute the CCF, it can also lead
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Figure 3.30: Redshift distribution times evolving bias product for the model adopted in
Massardi et al. (2010), where details can be found.
to a higher residual foreground contamination on the CMB map, thus diluting the CCF
signal. We tried both the KQ85 and KQ75 masks provided by the WMAP team, which
mask 18% and 28% of the sky respectively, including the strongest point sources in the
WMAP channels.
The estimate of the NVSS/CMB correlation, as a function of the angular scale, and
of the associated errors, was performed as in Raccanelli et al. (2008).
In the following, we used the Delabrouille et al. (2009) CMB map with the extended
KQ75 mask. To estimate the errors on the empirical CCF we simulated ∼ 3800 NVSS
maps by randomly redistributing the unmasked pixels of the true NVSS map. For each
simulated NVSS map we computed the CCF with the CMB map. In this way we ob-
tained a model-independent test of the null-hypothesis (i.e. no ISW signal). Since the
distribution of sources in the simulated maps does not trace the large scale density field
with which the CMB interacts, the distribution of the simulated values of the CMB-
NVSS cross-correlation function (CCF(θ)) allows us to estimate the level of significance
at which the null hypothesis can be rejected. The results are shown in Figure 3.31. The
CCF differs from zero at 2.8 σ for the first point and at 2.4-1.7 σ for the following 4
points. Since the data points and their errors are correlated, the overall significance of
the ISW signal cannot be straightforwardly derived from the significance of each point.
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Therefore, we have estimated it from the fraction of simulated maps yielding a CCF(θ) at
the observed level, or higher. This fraction turned out to be ∼ 2.6 · 10−4, which implies
a significance of the ISW signal one order of magnitude higher than found in Raccanelli
et al. (2008) and in other previous analyses. This improvement is due to a better CMB
map, as allowed by 5 years of integration by WMAP, and, even more, to the use of the
wider KQ75 mask.
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Figure 3.31: WMAP-NVSS cross-correlation function. The solid line shows the expected
signal for a concordance ΛCDM cosmology, based on the redshift distribution yielded by
the present model and the bias function described in Massardi et al. (2010). Such signal
is compared with our best estimate of the WMAP-NVSS cross-correlation (CMB map by
Delabrouille et al. (2009) and large mask; points with with 1σ error bars). The dashed and
dotted lines give the ISW prediction for two of the models present in Dunlop & Peacock
(1990) (see Raccanelli et al. (2008) for details).
Chapter 4
Cosmology with forthcoming radio
surveys
4.1 Introduction
In this chapter we will forecast measurements of cosmological growth, along with pa-
rameters and different models, that forthcoming radio surveys should provide; the work
and results here presented are largely on Raccanelli et al. (2011), in which I coordinated
the work, computed the auto-correlation and ISW power spectra for the ΛCDM and non-
Gaussianity cases, helped writing the paper and modelling the other effects; the cosmic
magnification and Fisher Matrix analyses were carried out using the MGCAMB (Zhao
et al., 2009) code; part of the work relative to the EMU Survey was published in the EMU
Survey paper (Norris et al., 2011).
Radio surveys for cosmology are entering a new phase with the construction of the
LOw Frequency ARray (LOFAR, Ro¨ttgering, 2003), the Australian Square Kilometre
Array Pathfinder (ASKAP, Johnston et al., 2008) and APERTIF, the new Phased Array
Feed receiver system for the Westerbork Synthesis Radio Telescope (WSRT1). In each
case, the increased sensitivity available, together with a very wide sky coverage, will
allow certain cosmological statistics to be measured with substantial accuracy.
The three large radio surveys which we will focus on are LOFAR, EMU and WODAN.
We do not consider the surveys to be conducted with the South African SKA Precursor
Telescope (MeerKAT, Jonas, 2009) as the parameter space probed by MeerKAT is to-
wards much deeper and narrower surveys which are more adept to studying galaxy for-
mation and evolution. In each case we will discuss the properties of the surveys and their
expected timescales for observation. A summary of the survey properties is shown in
Table 4.1.
1http://www.astron.nl/radio-observatory/public/public-0
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Several studies in the past have concentrated on the cosmological constraints that can
be determined from the large redshift surveys using the HI 21-cm emission line (e.g.
Abdalla & Rawlings, 2005; Abdalla et al., 2010). However, little attention has been paid
to the information that can be gleaned from the large radio continuum surveys which
will, in many respects, be much easier to interpret than the HI surveys and allow us
to push out to much higher redshifts. We consider three experiments using the deep
continuum observations, the auto-correlation of radio sources, the cross-correlation of
radio sources with the Cosmic Microwave Background (the late Integrated Sachs-Wolfe
effect), and cross-correlation of radio sources with foreground objects (magnification
bias). The level of the accuracy of these measurements, and the relative significance of
the various potential probes, are the key issues which we wish to address in this chapter.
One of the goals of these measurements will be to measure the cosmological param-
eters of particular current interest. Among the biggest challenges in cosmology is to un-
derstand if the standard Λ Cold Dark Matter model, and its General Relativity context, is
correct, or if we need a different cosmological model and/or gravitational theory, with the
related important implications for fundamental physics. We will therefore present fore-
casts of the constraints on cosmological models and gravitational parameters that will be
possible to obtain with the LOFAR, ASKAP and WSRT, in isolation and together; we
use simulated catalogues appropriate to the planned surveys to predict measurements ob-
tained with the source auto-correlation, the cross-correlation between radio sources and
CMB maps (the Integrated Sachs-Wolfe effect), the cross-correlation of radio sources
with foreground objects due to cosmic magnification, and a joint analysis together with
the CMB power spectrum and supernovae.
There are many major optical and near infra-red galaxy surveys (e.g. the Baryon Os-
cillation Spectroscopic Survey (BOSS, Schlegel et al., 2009), BigBOSS (Schlegel et al.,
2011), the Dark Energy Survey2 (DES), the Panoramic Survey Telescope And Rapid
Response System3 (Pan-STARRS), Euclid (Laureijs, 2009), the Large Synoptic Survey
Telescope4 (LSST)) which aim to improve the precision of cosmological parameter mea-
surements during this decade. One of the goals of this work is to discover whether there
are also significant and complementary opportunities for improvement of cosmological
constraints by forthcoming radio continuum surveys. These surveys have a niche because
of their large sky coverage, high median redshift and number of objects observed.
We will first describe the simulations used to model the properties of the sources
observed and then present and describe the cosmological probes we will use and how to
obtain the measurements. After describing the methodology used to predict the resulting
2http://www.darkenergysurvey.org/
3http://pan-starrs.ifa.hawaii.edu/public/
4http://www.lsst.org/lsst
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constraints on dynamical dark energy and modified gravity models, we will introduce the
surveys considered and show our predicted cosmological measurements and results.
4.2 Forthcoming Radio Surveys
In this section we introduce the three large radio surveys which we will focus on in this
work: LOFAR, EMU and WODAN. We do not consider the surveys to be conducted
with the South African SKA Precursor Telescope (MeerKAT, Jonas, 2009) as the param-
eter space probed by MeerKAT is towards much deeper and narrower surveys which are
more adept to studying galaxy formation and evolution. In each case we will discuss the
properties of the surveys, and their expected timescales for observation. A summary of
the survey properties is shown in Table 4.1.
4.2.1 LOFAR
LOFAR (the LOw Frequency ARray for radio astronomy, Rottgering et al., 2011) is
a multi-national telescope that has stations spanning Europe. The core of LOFAR is
situated in the east of the Netherlands, with stations on longer baselines both within the
Netherlands and across to Germany, UK, France and Sweden. Other stations may also
be added throughout the rest of Europe in the coming years.
Each LOFAR station operates at two broad frequency ranges, the high band operating
at 120 < ν < 240 MHz and the low band which operates at 10 < ν < 80 MHz. The bulk
of the early operations of LOFAR will be dedicated to a number of Key Science Projects
(KSPs): Solar Physics and Space Weather, Transients, Cosmic Magnetism, the Epoch
of Reionization, Cosmic Rays and Continuum Surveys. It is the last of these which is
pertinent to the aims of this thesis.
The Continuum Surveys KSP will explore the bulk of the northern sky at low-radio
frequencies. Low-frequency radio observations are ideally suited for carrying out sen-
sitive surveys of the extragalactic sky, firstly because the low-frequency ensures a large
instantaneous field of view, allowing an increased survey speed compared to similar tele-
scopes operating at higher frequencies. Second, the bulk of radio emission detected from
extragalactic sources is due to synchrotron radiation and therefore increases towards the
lower frequencies, although at the very lowest frequencies one might expect a turnover
to occur due to synchrotron self absorption.
The LOFAR continuum surveys (Rottgering et al., 2011) follow the usual strategy
of a “wedding cake” tiered survey. The design of these has focused on addressing the
original key science topics within the continuum surveys, namely tracing the formation
of massive galaxies, clusters and black holes using high-redshift radio sources, measuring
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the star-formation history of the Universe through radio emission and tracing intracluster
magnetic fields using diffuse radio emission. However, as we demonstrate, these surveys
will also provide key data which can be used to constrain the cosmology and gravitational
physics in our Universe.
For the purposes of this thesis we concentrate solely on the 120 MHz surveys from
LOFAR, as these are the most sensitive for our science, i.e. wide-field and highly sensi-
tive. The tiers of the LOFAR survey are as follows: the large-area, “Tier-1” survey will
survey the whole of the northern sky down to an expected rms flux-density at 120 MHz
of S120 MHz = 0.1 mJy.
The LOFAR Tier-2 survey will survey to deeper levels over a smaller area. The
baseline strategy is to survey around 550 square degrees at 120 MHz to an rms flux-
density of S120 MHz = 25µJy.
The Tier-3 survey is not considered in this work due to the relatively small area it will
survey (∼ 70 square degrees) at 150 MHz to ∼ 6µJy rms.
We also consider what results could be achieved with the LOFAR commissioning sur-
vey. Although this survey is still being fully defined, we take a shallow survey covering
the whole northern hemisphere at 150 MHz and use a 10σ limit of 7 mJy. This allows us
to examine what can be achieved with a very conservative survey.
If we assume only the stations situated in the Netherlands are used in carrying out
the large area surveys, then the resolution at 120 MHz will be ∼ 6 arcsec and around
∼ 5 arcsec at 150 MHz, i.e. very similar to the Faint Images of the Radio Sky at 21
centimetres (FIRST) survey (Becker et al., 1995).
4.2.2 EMU
EMU (Evolutionary Map of the Universe, Norris et al. 2011) is an all-sky continuum
survey planned for the new Australian SKA Pathfinder (ASKAP, Johnston et al. 2008)
telescope under construction on the Australian candidate SKA site in Western Australia.
EMU is one of the two key projects (the other is the WALLABY all-sky HI survey)
which are primarily driving the ASKAP design. At its completion, expected to be in
late 2012, ASKAP will consist of 36 12-metre antennas spread over a region 6 km in
diameter. Although the collecting area is no larger than many existing radio telescopes,
the phased- array feed at the focus of each antenna provides about 100 dual-polarisation
pixels, giving ASKAP a thirty square degree field of view. This enables it to survey the
sky some thirty times faster than existing radio telescopes at similar frequencies.
The primary goal of EMU is to make a deep (10µJy rms) radio continuum survey of
the entire Southern Sky, extending as far North as +30 deg. EMU will cover the same
area (75% of the sky) as NVSS (Condon et al., 1998), but will be 45 times more sensitive,
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Survey Area Frequency Ngal Mean z Median z
LOFAR MS3 2pi 150 MHz 1.0× 106 1.6 1.3
LOFAR Tier1 2pi 120 MHz 6.5× 106 1.8 1.1
EMU 3pi 1400 MHz 2.2× 107 1.7 1.1
WODAN 1pi 1400 MHz 7.3× 106 1.7 1.1
Table 4.1: Parameters of the surveys considered. We use the 10σ flux-density limit for
each survey. Total number of radio sources Ngal, mean and median redshifts calculated
using our number density models in Section 3.
and will have an angular resolution (10 arcsec) five times better. It will also have higher
sensitivity to extended structures. EMU is expected to begin in late 2012 and it will
generate a catalogue of radio sources 38 times greater than NVSS; all radio data from
the EMU survey will be placed in the public domain as soon as the data quality has been
checked.
4.2.3 WODAN
WODAN (the Westerbork Observations of the Deep Apertif Northern sky survey, Rottger-
ing et al. 2011) is planned to chart the entire northern sky above Dec > 30◦ down to a
proposed rms flux density at 1.4 GHz of S1.4 GHz = 10µJy/beam. It will be able to do this
because of the new phased array feeds (APERTIF) being put on the Westerbork Synthesis
Radio Telescope (WSRT). The phased array feeds will open up the field-of-view of the
WSRT to around 8 square degrees allowing very high survey speeds. Such a survey is
extremely complementary to the proposed LOFAR Tier-1 survey and will allow source
spectral indices to be measured down to very faint levels. Although APERTIF increases
the field-of-view of the WSRT considerably it will remain a relatively low-resolution sur-
vey instrument, with the resolution limited to the distribution of the WSRT antennae; as
such the resolution will be around ∼ 15 arcsec. However, this resolution is generally
not a problem for the experiments we discuss in this work. The current schedule for the
commencement APERTIF surveys is 2013.
4.3 Source Population Models
In this section we describe our models for source populations for LOFAR, EMU and
WODAN surveys; in particular the number density of different source populations as a
function of redshift, and the bias of different source populations as a function of redshift.
These are required in order to make predictions for cosmological probes such as the auto
correlation function, the ISW effect and magnification bias.
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4.3.1 Number densities
We use empirical simulations to predict the number density of radio sources per red-
shift interval for the envisaged all-hemisphere LOFAR survey, the WODAN survey, and
the ASKAP-EMU 3pi steradian survey. The combination of these last two surveys will
provide complete coverage of 4pi steradians of the sky; however, the different observing
frequencies and depths means that they will produce distinct redshift distributions, which
need to be understood in order to use the combination for cosmological constraints. We
will assume here that no redshift information is available for individual radio sources.
We use the simulations of Wilman et al. (2008, 2010), developed for predictions
for the Square Kilometre Array continuum survey. These simulations provide specific
prescriptions for the redshift evolution of the various populations which dominate the
radio source counts: powerful active galactic nuclei at bright fluxes, down to the less
luminous radio-quiet AGN, starburst and star-forming galaxies. The simulations cover
five different radio frequencies – 150, 610, 1400, 4860 and 18000 MHz. We use the
update of the simulated catalogue (Wilman et al., 2010), which has been adjusted to
incorporate results from mid- and far-infrared data to provide a better estimate of the
starburst and star-forming galaxy populations.
The N(z) from these simulations should in principle be modified by Redshift-Space
Distortions and magnification bias (see Section 3.4.1); however these corrections are
small and will not affect our results.
Catalogues are generated from the S3 database5 corresponding to the radio flux-
density limits of the proposed LOFAR, EMU and WODAN surveys. As described in
Section 2, we assume the depth of the LOFAR survey over the whole hemisphere to be
uniform across the sky down to a rms flux-density of 0.1 mJy as given in the LOFAR Sur-
veys document (Morganti et al., 2010). We use the 151 MHz data from the S3 data base
and extrapolate to 120 MHz using the spectral index determined between 610 MHz and
151 MHz to predict the number density distribution. We then apply a cut to the simulated
data and retain only those sources with an integrated flux density larger then 10 times
the rms noise in the map. Note that for extended sources the nominal sensitivity to peak
flux densities is then less than 10 σ. However, this definition ensures that the virtually all
extended sources will be detected. It is also conservative in the sense that it still has to be
proven that all these new instruments can reach their theoretical thermal noise levels.
For the EMU and WODAN surveys we again use the Wilman et al. (2008, 2010)
simulations, this time at the 1.4 GHz frequency. EMU will survey ∼ 75% of the sky
down to an rms flux-density limit of 10µ Jy, while WODAN will survey 10,000 sq. deg.
5http://s-cubed.physics.ox.ac.uk
CHAPTER 4. COSMOLOGY WITH FORTHCOMING RADIO SURVEYS 152
down to an rms flux-density limit of 10µ Jy; we again extract a catalogue from the S3
database down to this limit and apply cuts at 10 σ signal-to-noise. Note that Norris et al.
(2011) assume a 5 σ detection limit to be reliable for EMU; here we assume a 10 σ limit,
but in Section 4.6.2 we show some predictions for the 5 σ case as well.
In Section 4.6 we will show the resulting redshift distributions adopted for the dif-
ferent surveys along with the predicted measurements they will produce. In Figure (4.2,
4.3, 4.24, 4.25, 4.40) we display the number of sources for the different source types
(Star Forming Galaxies, StarBursts, Radio Quiet Quasars, Fanaroff-Riley1 and Fanaroff-
Riley2; see Wilman et al. (2008) for details of how each of these is defined) within the
surveys, while in Figure (4.4, 4.5, 4.26, 4.27, 4.41) we display the total number of radio
sources for the different surveys.
In addition to predictions for the four surveys considered, we will also consider a
combination of EMU and WODAN, given that they will span a similar range of frequen-
cies and depth (see Tab. 4.1), in order to have a complete full sky catalogue covering
both hemispheres.
4.3.2 Galaxy Bias
As we will often be using radio sources as a probe of large-scale structure, it is necessary
to model how biased the sources are in relation to the underlying structures. On large
scales we assume that the two-point correlation function can be written (Matarrese et al.,
1997; Moscardini et al., 1998) as:
ξ(r, z) = b2(Meff , z)ξDM(r, z) , (4.1)
whereMeff represents the effective mass of dark matter halos in which sources reside and
ξDM is the correlation function of dark matter. We derive a model of the bias using the
peak-background split formalism (Cole & Kaiser, 1989; Mo & White, 1996), following
the prescription of Sheth & Tormen (1999); in this context the mass function of halos,
altered from Press & Schechter (1974), is given by:
n¯(z,M) =
√
2qA2
pi
3H20 Ω0m
8piG
δc
MD(z)σM
· (4.2)
·
[
1 +
(
D(z)σM√
q δc
)2p] ∣∣∣∣d lnσMd lnM
∣∣∣∣ ·
· exp
[
− qδ
2
c
2D2(z)σ2M
]
,
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where σ2M is the mass variance on scale M , δc is the critical overdensity for the spherical
collapse,D(z) the linear growth factor of density fluctuations, and q and p are parameters
to be fitted with simulations (Sheth & Tormen, 1999); we can describe the bias by:
b(M, z) =1 +
1
δc
[
qδ2c
D2(z)σ2M
− 1
]
+ (4.3)
+
2p
δc
(
1
1 + (
√
q δc/[D(z)σM ])2p
)
.
We use the bias in the S3 simulation for each galaxy population, which is computed
using the formalism of Equation (4.2, 4.3) separately for each galaxy population, where
each population is assigned a dark matter halo mass. This dark matter halo mass is
chosen to reflect the large-scale clustering found by observations. Note that for most of
Figure 4.1, there are simply no observational measurements available at present, so large
uncertainties in bias remain.
The S3 simulation provides us with a source catalogue with the sources identified by
type, i.e. starburst, FRII-type radio galaxy etc. Each of these has a different prescription
for the bias, as described in Wilman et al. (2008). With this framework, one finds that
the increasing bias b(z) with redshift would lead to excessively strong clustering at high
redshift, therefore the bias for each population is held constant above a certain cut-off
redshift, as described by Wilman et al. (2008). The resulting redshift dependence of the
bias we use for the different source types is shown in Figure 4.1. While this bias evolution
is indicative of that expected, the exact behaviour is not yet well known; to allow for this
uncertainty, we will marginalise over the overall bias amplitude, and discuss remaining
uncertainties in Section 4.8.1.
4.4 Cosmological Probes
In this Section we will intorduce the cosmological probes we will consider for measure-
ments with the forthcoming radio surveys, in combination with surveys at other wave-
lengths. Here we describe the necessary framework for calculating the accuracy with
which we can measure these probes; in the second part of the Chapter we will present the
predicted measurements with specific planned surveys.
4.4.1 The Auto-Correlation Function
As described in Section 2.2, when analysing a density field, the most useful statistics is
the 2-point correlation function; it is a measure of the degree of clustering in either the
spatial, ξ(r), or the angular, w(θ), distribution of sources. For the current radio surveys,
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Figure 4.1: Bias as a function of redshift for the different source types, as calculated for
our simulated catalogues in accordance with Wilman et al. (2008).
where individual redshifts will be unknown, there will be little radial information, there-
fore it will be appropriate to only study the angular two-point correlation function, w(θ),
which is defined as the excess probability of finding a radio source at an angular distance
θ from another given radio source (Peebles, 1980):
δP = n[1 + w(θ)]δΩ, (4.4)
where δP is the probability, n is the mean surface density and δΩ a surface area element.
The angular two-point correlation function of a given sample of objects can be com-
puted using one of the many estimators that have been proposed (e.g. Hamilton 1993;
Landy & Szalay 1993).
Its Fourier transform, the angular power spectrum, can be calculated from the under-
lying 3D matter power spectrum using:
Cgg` = 〈ag`mag∗`m〉 = 4pi
∫
dk
k
∆2(k)[W g` (k)]
2, (4.5)
where W g` is the radio source distribution window function described in Section 3.2.2,
∆2(k) is the logarithmic matter power spectrum today, and a`m are the spherical harmon-
ics coefficients, assumed to be standard gaussian random variables.
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Non Gaussian clustering
The amplitude and shape of clustering on large scales, described by the ACF, can pro-
vide important cosmological information. For example, a unique way to test aspects of
inflationary theories is given by measuring the statistics of the initial conditions of cos-
mological perturbations. An important goal for forthcoming cosmological experiments is
to test whether initial conditions of the probability distribution function of cosmological
perturbations deviate from gaussianity; this can be done using the CMB (Bartolo et al.,
2004; Komatsu, 2010 and references therein) or the large-scale structure of the Universe
(Matarrese et al., 2000; Dalal et al., 2008; Slosar et al., 2008; Desjacques & Seljak, 2010;
Xia et al., 2010a). Deviations from Gaussian initial conditions can be parametrized by
the dimensionless parameter fNL:
ΦNG = φ+ fNL
(
φ2 − 〈φ2〉) , (4.6)
where Φ denotes Bardeen’s gauge-invariant potential, which, on sub-Hubble scales re-
duces to the usual Newtonian peculiar gravitational potential. Here φ is a Gaussian ran-
dom field, and the second term, when fNL is not zero, gives the deviation from gaussian-
ity; we refer to the so-called “local type” fNL and we use the LSS convention (as opposed
to the CMB one, where fLSSNL ∼ 1.3fCMBNL , Xia et al. 2010a).
One method for constraining non-Gaussianity from large-scale structure surveys ex-
ploits the fact that a positive fNL corresponds to positive skewness of the density prob-
ability distribution, and hence an increased number of massive objects (Matarrese et al.,
2000; Dalal et al., 2008; Desjacques & Seljak, 2010).
In particular, a non-zero fNL in Equation (4.6) introduces a scale-dependent modifi-
cation of the large-scale halo bias, so that the difference from the usual Gaussian bias, is:
∆b(z, k) = [bG(z)− 1]fNLδec 3Ω0mH
2
0
c2k2T (k)D(z)
, (4.7)
where bG(z) is the usual bias calculated assuming gaussian initial conditions, assumed to
be scale-independent, D(z) is the linear growth factor and δec is the critical value of the
matter overdensity for ellipsoidal collapse, δec = δc
√
q .
We compute the predicted auto-correlation source power spectra for the different pop-
ulations of LOFAR, EMU and WODAN using Equation 4.5; the errors were assumed to
follow:
σCgg` =
√
2
(
Cgg` +
1
n¯
)2
(2`+ 1)fsky
, (4.8)
where fsky is the sky coverage of the survey and n¯ is the mean number of sources per
steradian. This assumes that systematics are sub-dominant, and there are no effect from
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the finite size of objects (i.e. we are not close to the confusion limit). The results for the
surveys considered are presented in their respective sections.
The errors on large and small scales are more pronounced since they are dominated
by cosmic variance and shot noise, respectively; at intermediate scales, surveys with
higher number density will provide the best measurements. We will examine what can
be learned cosmologically from these measurements in the next Sections.
The presence of the non-Gaussian bias of Equation 4.7 enhances the clustering at
large scales, thus increasing the amplitude of the autocorrelation function at those scales.
It is worth noting that the current limit on fNL from WMAP 7-year data is fLSSNL = 42±27
at 68% CL (Komatsu et al., 2011)6, and any detection of fNL  1 would rule out all
single scalar field inflation models (Komatsu, 2010).
It is intriguing to note that the observed autocorrelation function of the NVSS Survey
has a shape that differs from the ΛCDM prediction at relatively large angular separa-
tion (Xia et al., 2010a); the observed behaviour can be explained using a non-Gaussian
correction (Xia et al., 2010b), a peculiar bias model (Raccanelli et al., 2008), or some
systematic errors not yet found in the NVSS Survey. The degeneracy between models
of bias and non-Gaussian corrections can be broken because their effect has a different
redshift and scale dependence (the non-Gaussian correction is important only at large
scales, because of the 1/k2 term in Equation 4.7).
It is also interesting to note that a similar excess power at large scales has been found
in spectroscopic (Kazin et al., 2010; Samushia, Percival, & Raccanelli, 2011) and pho-
tometric (Thomas et al., 2010) data sets, although Ross et al. (2011) suggest that this is
likely to be due to masking effects from stellar sources. With the forthcoming all-sky
radio surveys, measuring the angular autocorrelation will be an interesting check for this
problem. On the other hand, the CMB shows a lack of correlation at angular scales > 60
degrees (Bennett et al., 2011; Copi et al., 2010), discrepant with the concordance model
of cosmology. The significance and origin of this is unclear; certainly radio surveys that
cover large fractions of the full sky will help to resolve this puzzle.
4.4.2 The Integrated Sachs-Wolfe Effect
In addition to making an auto-correlation of source positions, it is possible to cross-
correlate the radio source distribution with CMB temperature maps, in order to detect the
ISW effect (see Chapter 3 for details).
The WMAP data have been already cross correlated with radio sources (e.g. Nolta
et al., 2004; Giannantonio et al., 2008a; Pietrobon et al., 2006; Raccanelli et al., 2008);
6Note that in the CMB convention this is 32± 21
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we will now predict the cross-correlation of the CMB with radio sources from the sur-
veys considered; for the equations describing the cross-correlation CMB-LSS and how
to compute the errors we refer to Chapter 3.
The detection of the ISW effect via the cross-correlation of the LSS with the CMB is
cosmic-variance limited, as it affects only the largest angular scales; therefore, the best
measurement possible is a complete full sky survey with negligible shot noise. Regard-
ing the CMB, the data provided by WMAP is already precise enough at low `, and the
improvement that Planck will provide does not substantially affect the ISW detection
significance.
For the surveys considered (apart from LOFAR MS3), the shot noise is negligible for
the cross-correlation on the scales of interest, given the high number density per ` mode,
so the only difference in the constraining power comes from the sky coverage, and for
this reason EMU should provide the best ISW measurements among the surveys we con-
sidered; we will examine the combined cosmological constraining power from different
techniques in Section 4.6.
As an initial example of cosmological constraints we show the predicted cross-correlation
function for Unified Dark Matter scalar field cosmologies, where dark matter and dark
energy are part of a single component. The key parameter in this model is the speed of
sound (today) of the dark component, c2∞, that has to be different from zero but small
enough to let the dark component cluster (see Bertacca et al., 2008a; Bertacca et al.,
2011b for details). Detecting a non-zero speed of sound would be an indication of a non-
ΛCDM universe. Using NVSS we are able to see differences from the ΛCDM case from
c2∞ = 10
−2 (Bertacca et al., 2011b); in Section 4.6 we will compare NVSS measurements
with the ones predicted with the surveys we consider here.
To predict the significance and constraining power of ISW measurements with the
forthcoming radio surveys, we define ∆CgT/CgT as the width of the entire 1-σ constraint,
i.e.:
∆CgT
CgT
=
[CgT (θ) + σCgT ]− [CgT (θ)− σCgT ]
CgT (θ)
=
2σCgT
CgT
, (4.9)
where σCgT is the error on the cross-correlation function in real space. In Section 4.6
we compare current measurements of ∆CgT/CgT from cross-correlations of NVSS and
SDSS LRGs with WMAP maps with our predicted results, along with the threshold to
actually distinguish between ΛCDM and other cosmological models.
The enhanced clustering due to non-Gaussianity would also modify the cross-correlation
of galaxies with the CMB (Xia et al., 2010a), through the modified bias of Equation 4.7
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in the galaxy window function Equation 3.38; the effect is more significant on the largest
scales, as we will see in Section 4.6.
4.4.3 Magnification bias
Light rays are deflected by large scale structures along the line of sight, which therefore
systematically introduce distortions in the observed images of distant sources; this is
the phenomenon of gravitational lensing. The sources behind a lens are magnified in
size, while surface brightness is conserved; this leads to an increase in the total observed
luminosity of a source.
Observationally we can detect the effects of magnification by cross-correlating two
galaxy surveys with disjoint redshift distributions; we consider the possibility of using
an optical survey such as SDSS-II (Abazajian et al., 2009b) or DES7 for our low red-
shift “lens” sample (Pan-STARRS will also be available on these timescales and could
also be used), which will serve as the foreground which magnifies the background radio
distribution.
This “cosmic magnification” effect was first detected by Scranton et al. (2005), who
cross-correlated foreground SDSS galaxies with SDSS quasars. More recently, Hilde-
brandt et al. (2009) have detected the effect in samples of normal galaxies in the Canada-
France-Hawaii-Telescope Legacy Survey (CFHTLS), Wang et al. (2011) have detected
the effect at longer wavelengths using Herschel, while Me´nard et al. (2009) have built on
the SDSS analysis by constraining galaxy-mass and galaxy-dust correlation functions.
The effect can be described in detail as follows. At position ~ϕ, we can relate the
behaviour of unlensed sources with number density N0(m)dm within a magnitude range
[m,m + dm], to that of lensed sources with number density N(m, ~ϕ)dm. There are two
competing effects in this relationship, namely the flux increase due to magnification of
distant faint sources, which increases the number density of observed images above a
certain magnitude threshold; and counteracting this, the dilution of the number density
due to the stretching of the solid angle by lensing. If the source fluxes have a distribution
with a power law slope given by:
α(m) = 2.5
∂[logN0(m)]
∂m
, (4.10)
one can obtain (Bartelmann & Schneider, 2001):
N(m, ~ϕ)dm = µα(m)−1N0(m)dm, (4.11)
7http://www.darkenergysurvey.org/
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where the magnification µ is:
µ =
1
|(1− κ)2 − |γ|2| , (4.12)
where the convergence κ and the shear γ are two further lensing distortions. In the weak
lensing regime it is possible to Taylor expand the last equality in Equation (4.12) to
obtain:
µ(~ϕ) ' 1 + 2κ(~ϕ). (4.13)
We therefore see that the magnification is closely related to the convergence κ, which
is related to the matter overdensity via a line-of-sight integral (Bartelmann & Schneider,
2001):
κ(~ϕ) =
3Ω0mH
2
0
2c2
∫ wH
0
dwW (w)fK(w)
δ(fK(w)~ϕ,w)
a(w)
, (4.14)
with ~ϕ being the angular position on the sky, wH the horizon distance, w(z) the comoving
radial distance, fK(w) the angular diameter comoving distance, a the scale factor, and a
quantity W involving the redshift distribution and geometry:
W (w) =
∫ wH
w
dw′Zw(w′)
fK(w
′ − w)
fK(w′)
, (4.15)
for which Zw(w)dw is the source redshift distribution.
Because of the magnification bias effect described, we can obtain cosmological con-
straints by cross-correlating foreground and background objects, and hence investigating
how clustered lensed background sources appear to be around foreground sources, com-
pared to a random distribution. The estimator of the angular two point correlation adopted
in this work is given by:
ξSL = [N¯SN¯L]
−1[NS(~ϕ)− N¯S][NL(~ϕ+ ~φ)− N¯L], (4.16)
where in our case S and L indexes denote background sources and foreground lenses and
overbarred quantities correspond to averaged quantities.
Large scale structures only slightly magnify or demagnify sources, so we can write:
µα−1 = (1 + δµ)α−1 ' 1 + (α− 1)δµ, (4.17)
leading to an over/under-density in background sources:
NS(~ϕ)− N¯S
N¯S
' (α− 1)δµ(~ϕ). (4.18)
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Assuming that foreground sources have bias bL, the number density can be related to the
underlying matter density contrast by:
NL − N¯L
N¯L
= bLδ(~ϕ), (4.19)
Then (Bartelmann & Schneider, 2001), ξSL(~ϕ) is related to the theoretical magnification
density contrast 2-point correlation function ξµδ(~ϕ) via:
ξSL(~ϕ) = (α− 1)bL(~ϕ)ξµδ(~ϕ), (4.20)
where the bias is in principle space-dependent (but here we neglect this dependency), and
with:
ξµδ(~ϕ) =
3H20 Ω0
2pic2
∫
dw
W (w)Gf (w)
a(w)f 2K(w)
∫
kdkPδ(k)J0(k~ϕ), (4.21)
where Pδ(k) is the matter power spectrum, Gf (w) is the foreground redshift distribution
and W (w) is the source lensing efficiency distribution given in Equation (4.15).
It is only when α 6= 1 that we obtain magnification bias. We obtain a positive cross-
correlation only when α > 1 and anticorrelation when α < 1. Eqs. (4.20) and (4.21)
show how magnification bias observations allow us to measure information about the
amplitude, shape and evolution of the matter power spectrum, together with information
about the bias and geometrical factors in the expanding background.
From Equation 4.21 we can also obtain the cosmic magnification power spectrum
(Bartelmann & Schneider, 2001):
Cgµ` = 〈ag`maµ∗`m〉 =
∫
dk
k
∆2(k)W g` (k)W
µ
` (k), (4.22)
where W g` (k) has the same meaning as in Equation (4.5), and W
µ
` (k) contains the pref-
actors and w integral from Equation 4.21.
We compute the power spectra for the magnification bias using Equation (4.22);
we consider the experiment where background radio sources from LOFAR, EMU and
WODAN are cross-correlated with foreground galaxies from SDSS for the northern
hemisphere and DES for the southern one. We note that we expect to have much bet-
ter and wider data than the SDSS on the timescale of the radio surveys considered with
the Pan-STARRs 3pi sr survey (Kaiser et al., 2010), so our analysis should be considered
as conservative. In the northern sky we use SDSS galaxies up to z = 0.35 and radio
sources as the background for higher redshift, while for the southern sky we use DES
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foregrounds up to z = 1 and EMU sources as a background. To avoid the overlap be-
tween foreground and background galaxies, we remove the LOFAR, EMU and WODAN
galaxies at z < 1, i.e. we assume that via cross-matching between optical and radio
bands, low z radio sources can be removed from our sample. We assume that the bias for
the foreground galaxies is unity since they are located at low redshifts. We follow Scran-
ton et al. (2005) to measure the weighted average power law slope < α − 1 >, where α
is given by Equation 4.10; from our simulations, we obtain −0.219, −0.147, 0.1027 and
0.121, for LOFAR MS3, LOFAR Tier 1, EMU and WODAN respectively.
In Section 4.6 we show the cross-correlation of radio background with optical fore-
ground sources power spectra, computing the errors according to Zhang & Pen (2006):
σCgµ` =
√
C2µg + (C
b
g + C
b
shot)(C
f
g + C
f
shot)
(2`+ 1)fsky
, (4.23)
where f and b denote the foreground and background sources, respectively, and “shot”
stands for the shot noise; using this probe we have better constraining power for higher
number density and magnification index α.
4.5 Cosmological model constraints
Having calculated the constraints on each cosmological probe, it is now possible to deter-
mine how the LOFAR, EMU and WODAN surveys can improve measurements of cos-
mological parameters. Source number counts, ISW and cosmic magnification measure-
ments probe structure formation and growth, and they depend on different combinations
of the potentials of Equation 1.95, therefore they can constrain dark energy and modified
gravity scenarios and measure possible deviations from the ΛCDM model. We study the
improvements these surveys will bring to the measurement of parameters in the dynam-
ical dark energy (DE) and modified gravity (MG) scenarios, introduced in Section 1.3;
we investigate these issues using Fisher Matrix techniques, following Zhao et al. (2009).
Dynamical Dark Energy
Dynamical models can be distinguished from the cosmological constant by considering
the evolution of the equation of state of dark energy (Equation 1.39). In the cosmological
constant model, w = −1, while for dynamical models w = w(a).
To constrain the dynamics of different models of dark energy, we adopt the following
parameterisation for the DE equation of state (EoS) w (Linder, 2003):
w(a) = w0 + wa(1− a). (4.24)
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We use the best fit model {w0, wa} = {−0.89,−0.24} from current data (see Zhao
& Zhang, 2010 for details) as the fiducial model, which is consistent with the predic-
tion of the quintom model (Feng et al., 2005), and consistently include the dark energy
perturbations in the calculation using the prescription proposed in Zhao et al. (2005).
4.5.1 Modified Gravity
Since we are interested in testing GR at late times, we will consider a simple approxima-
tion to Equation 1.99 and 1.100, where we assume µ(a, k) = η(a, k) = 1 at early times,
with a transition to some other values at late times. This is natural in the existing models
of modified gravity that aim to explain the late-time acceleration, where departures from
GR occur at around the present day horizon scales. Also, the success in explaining the
BBN and CMB physics relies on GR being valid at high redshifts.
To model the time evolution of µ and η we use the hyperbolic tangent function to
describe the transition from unity to the constants µ0 and η0:
µ(z) =
1− µ0
2
(
1 + tanh
z − zs
∆z
)
+ µ0 , (4.25)
η(z) =
1− η0
2
(
1 + tanh
z − zs
∆z
)
+ η0 . (4.26)
where zs denotes the threshold redshift where we start to modify gravity, and µ0, η0 are
free parameters; following Zhao et al. (2010), we fix the transition width ∆z to be 0.05.
4.5.2 Observables and Fisher Matrices
We use the observables including the LOFAR, EMU and WODAN radio source auto-
correlation, Cgg` , cross-correlation, C
gT
` , and magnification bias, C
gµ
` , functions in a
Fisher analysis. To obtain the auto-correlation functions we consider radio source pre-
dicted distributions for LOFAR, EMU and WODAN, for different populations and for
the whole surveys; for the ISW signal we cross-correlate the radio source distributions
with the CMB, while to obtain the magnification correlations we use SDSS DR7 and
DES galaxy populations as foreground lenses for the northern and southern hemispheres,
respectively. The two-point functions we use can be generalised as:
CXY` = 4pi
∫
dk
k
∆2(k)WX` (k)W
Y
` (k), (4.27)
where ∆2(k) is the power spectrum and WX,Y` (k) denote angular window functions.
Here X, Y ∈ [T, g, µ], where T, g and µ indicate the CMB temperature, radio source
counts and magnification respectively.
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Given the specifications of the proposed future surveys, the Fisher matrix (Fisher,
1935; Tegmark et al., 1997) enables us to quickly estimate the errors on the cosmological
parameters around the fiducial values. For Gaussian-distributed observables, the Fisher
matrix is defined as:
Fαβ =
〈
∂2L
∂pα∂pβ
〉
, (4.28)
where L = − ln L, and pα(β) is the α(β)-th cosmological parameter. The Crame´r-Rao
inequality proves that its inverse is the best possible covariance matrix one can obtain
using unbiased estimators, and the standard deviation on a given parameter pα is given
by:
σpα =
1√
Fαα
. (4.29)
For ourCXY` observables (assumed to be Gaussian-distributed), the Fisher matrix is given
by:
Fαβ = fsky
`max∑
`=`min
2`+ 1
2
Tr
(
∂C`
∂pα
C˜−1`
∂C`
∂pβ
C˜−1`
)
, (4.30)
where C˜` is the “observed” covariance matrix with elements C˜XY` that include contribu-
tions from noise:
C˜XY` = C
XY
` +N
XY
` . (4.31)
Equation (4.30) assumes that all fields X(nˆ) are measured over contiguous regions cov-
ering a fraction fsky of the sky. The value of the lowest multipole can be estimated from
`min ≈ [pi/(2fsky)], where the square brackets denote the rounded integer; for the noise
matrix NXY` we use Equation (4.8, 3.44, 4.23).
To perform the Fisher analysis, we first parametrize our cosmology using:
P ≡ (ωb, ωc,Θs, τ, ns, As,ℵ,i), (4.32)
where ωb ≡ Ωbh2 and ωc ≡ Ωch2 are the physical baryon and cold dark matter densi-
ties relative to the critical density respectively, Θs is the ratio (multiplied by 100) of the
sound horizon to the angular diameter distance at decoupling, τ denotes the optical depth
to re-ionization, ns and As are the primordial power spectrum index and amplitude, re-
spectively, and ℵ ∈ [w0, η0], i ∈ [wa, µ0] are the parameters we want to measure. We
assume a flat Universe and an effective dark energy equation of state w = −1 throughout
the expansion history; we also combine the latest supernovae Ia luminosity distance from
the UNION2 sample (Amanullah et al., 2010) to tighten the constraints.
Finally, given the uncertainties in the measurement of the bias and the redshift distri-
bution for radio surveys, we marginalise over the amplitude of the product b(z)×N(z).
We note that the models we use are constrained by the total radio source counts and our
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current knowledge of the evolution of the sub-populations. The main uncertainties in
these distributions is in the high-redsift (z > 1) evolution of the FRI radio galaxies (see
e.g. Clewley & Jarvis, 2004; Sadler et al., 2007), however rapid progress on pinning
down the evolution of these source should be made over the next few years by combining
deep multi-wavelength survey data with deep radio continuum data (e.g. Smolcic et al.,
2009; McAlpine & Jarvis, 2011). The final results also depend on the shape of this prod-
uct, which is not precisely known; however, we verified that modifications at the level
of a few percent in the peak position, amplitude or width do not significantly affect our
results. A complete analysis of the impact of this uncertainty on the measurement of
cosmological parameters is beyond the scope of this work and it is left for future work.
Of course, a careful treatment of this issue will be required in the real data analyses, as
we mention in Section 4.8.1.
We use MGCAMB (Zhao et al., 2009)8 to calculate the observables in modified gravity
for LOFAR, EMU and WODAN, and use Equation (4.30) to calculate the Fisher matri-
ces using the preferred model of current data as a fiducial model; following Zhao et al.
(2009) and Zhao et al. (2010), we assume as fiducial {w0, wa} = {−0.89,−0.24} for the
dynamical dark energy parameters, and {η0, µ0} = {1.3, 0.87} for the modified gravity
parameters.
4.6 Results
We will now present results for the forthcoming radio surveys we considered: LOFAR
(MS3 and Tier1), EMU (with the 5- and 10- σ detection limits) and WODAN. We present
the redshift distributions used and the measurements they will allow for the probes de-
scribed above and then we plot the limits it will be possible to obtain in the measurements
of the dynamical dark energy and modified gravity parameters.
In general we can see that the precision in the measurements of cosmological param-
eters will be significantly increased by the addition of the probes considered; in particular
we note that the ISW effect is more powerful in testing models for gravity than models
of dark energy. If it turns out that gravity needs to be modified, the ISW effect measured
with radio surveys will be a powerful probe to measure the modified gravity parameters,
the physical reason being that if µ0 transits from 1 to another value at low z, indicating a
deviation from GR, the growth will be enhanced; this will change (Φ˙ + Ψ˙) significantly,
hence generating a large ISW signal (Equation 3.30).
Analyses of clustering and magnification bias also tighten the constraints on gravity,
because the magnification signal measures information about the power spectrum of (Φ+
8http://userweb.port.ac.uk/ zhaog/MGCAMB.html
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Ψ), which is largely controlled by η0, and also tests µ0 via growth of structures. These
probes will also be useful in measuring parameters of the dark energy component, if GR
is correct even at the largest scales. This is because w(a) changes the growth in a very
smooth way; so while it does not generate a large ISW signal, it does change (Φ + Ψ)
power integrated along the line of sight, so can be noticed by magnification bias and the
projected ACF.
Finally, in Section 4.7 we show the measurements of the parameters of dynamical
dark energy and modified gravity that will be possible to obtain using the combination
of EMU and WODAN, and we compare them to the current best measurements available
(Zhao et al., 2010).
4.6.1 LOFAR
Here we show the results we have using the LOFAR MS3 and Tier1 Surveys. We predict
measurements they should provide for the Auto-Correlation Function (Section 4.4.1), the
ISW effect (Section 4.4.2), the Cosmic Magnification (Section 4.4.3) and a joint forecast
of the measurements of the dynamical dark energy and modified gravity parameters of
Section 4.5.
Redshift Distributions
Following Section 4.3.1, in Figure (4.2, 4.3) we show the redshift distributions for the
different source types (Star-Forming Galaxies, Star Burst, Radio Quiet Quasars, FR1 and
FR2), and in Figure (4.4, 4.5) the combined redshift distributions the LOFAR MS3 and
Tier1 Surveys should detect.
Auto-Correlation predictions
In Figure (4.6, 4.7) we show Cgg` for the combined source populations of the LOFAR sur-
veys considered. The solids lines are the predictions for the standard ΛCDM+GR model,
shaded regions are errors calculated using Equation 4.8.
In Figure (4.8, 4.9) we plot the predicted source power spectrum for different values
of the non-Gaussianity parameter fNL; the black solid line is the standard Gaussian pre-
diction, the other lines being the prediction for non-Gaussian clustering, and the shaded
area is 1-σ errors (per mode) as in Equation 4.8. A χ2 analysis shows that LOFAR MS3
and Tier1 should be able to distinguish (at 1-σ level) a fNL of 19 and 16 respectively,
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Figure 4.2: Redshift distribution of LOFAR MS3 survey, for different source types: Star-
Forming Galaxies, Star Burst, Radio Quiet Quasars, FR1 and FR2 sources.
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Figure 4.3: Redshift distribution of LOFAR Tier1 survey, for different source types: Star-
Forming Galaxies, Star Burst, Radio Quiet Quasars, FR1 and FR2 sources.
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Figure 4.4: Redshift distribution found for the different radio surveys: LOFAR MS3. All
source types are included in these overall redshift distributions.
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Figure 4.5: Redshift distribution found for the different radio surveys: LOFAR Tier 1.
All source types are included in these overall redshift distributions.
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Figure 4.6: Source power spectrum (Equation 4.5) of the combined source populations
(black solid lines) for the LOFAR MS3 survey, with 1-σ errors (grey shaded regions), as
in Equation 3.44.
from a purely Gaussian model.
Cross-Correlation predictions
In Figure (4.10, 4.11) we show the predicted cross-correlations of the CMB with the com-
bined radio source LOFAR distributions. Solid lines are standard ΛCDM+GR model,
shaded regions are errors, calculated using Equation 3.44. We will examine the com-
bined cosmological constraining power from different techniques in Section 4.6.1.
Figure (4.12, 4.13) show the predicted cross-correlation function, with errors, for the
LOFAR surveys, and the measured NVSS errors as a comparison. Using NVSS we are
able to see differences from the ΛCDM case from c2∞ = 10
−2, while the plots show that
using the LOFAR Surveys will allow us to constrain better the value of the sound of speed
c2∞, using the ISW effect.
In Figure (4.14, 4.15) we show ∆CgT/CgT (Equation 4.9) for the LOFAR Surveys.
As one can see, the LOFAR surveys considered should have an increased discriminatory
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Figure 4.7: Source power spectrum (Equation 4.5) of the combined source populations
(black solid lines) for the LOFAR Tier1 survey, with 1-σ errors (grey shaded regions), as
in Equation 3.44.
power, with a ∆CgT/CgT that is less than half of that of NVSS and SDSS.
As stated in Section 4.4.2, the ISW effect can be used to test the non-Gaussianity
parameter fNL; the predicted modifications to the cross-correlation power spectrum is
shown in Figure (4.16, 4.17). We performed a χ2 analysis to predict what level of non-
Gaussianity we should be able to detect, and we found that LOFAR MS3 and Tier1 data
would detect a fNL of 71 and 31 at 1-σ level, respectively.
Cosmic Magnification predictions
In Figure (4.18, 4.19) we show the cross-correlation of LOFAR radio backgrounds with
optical foregrounds from SDSS sources power spectra; we will examine its effect in the
combined cosmological constraining power in Section 4.6.1.
Dark Energy and Modified Gravity
In Figure (4.20, 4.21) we show the forecasts of measurements of the dynamical dark en-
ergy and modified gravity parameters introduced in Section 1.3.1 and 1.3.3 and with the
prescriptions of Section 4.5, for the LOFAR MS3 Survey, while in Figure (4.22, 4.23) we
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Figure 4.8: Source power spectrum of LOFAR MS3 radio sources for different values
of the non-Gaussianity parameter fNL; shaded regions are errors for the LOFAR MS3
survey as in Equation 4.8.
show the forecasts for the LOFAR Tier1 Survey. To highlight the constraining ability of
different observables, we show the contours for different data combinations: lighter grey
areas are limits from the Planck CMB9 plus Supernovæ Ia measurements (Amanullah
et al., 2010), while darker grey areas are improvements we will have adding the auto-
correlation of radio sources, the radio sources-CMB cross-correlation (ISW), the fore-
ground galaxy-background radio source cross-correlation (Cosmic Magnification) and a
combination of all the measurements; the crosses refer to the standard model (cosmologi-
cal constant and General Relativity), stars indicate the current best fit from a combination
of probes using WMAP, SDSS and CFHTLS (see Zhao et al. 2010 for details).
In Table 4.2 we summarise the errors in the measurements for the LOFAR surveys
using the different probes considered in this work, separately and in a joint Fisher Matrix
analysis, as described in Section 4.5.2.
9http://www.rssd.esa.int/index.php?project=planck
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Figure 4.9: Source power spectrum of LOFAR Tier1 radio sources for different values
of the non-Gaussianity parameter fNL; shaded regions are errors for the LOFAR Tier1
survey as in Equation 4.8.
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Figure 4.10: Cross-correlation of LOFAR MS3 radio sources with the CMB (Equa-
tion 3.26). The solid line is the theoretical ΛCDM prediction, the shaded area corre-
sponds to errors as in Equation 3.44.
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Figure 4.11: Cross-correlation of LOFAR Tier1 radio sources with the CMB (Equa-
tion 3.26). The solid line is the theoretical ΛCDM prediction, the shaded area corre-
sponds to errors as in Equation 3.44.
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Figure 4.12: Cross-correlation of LOFAR MS3 sources with the CMB. Black solid line is
the ΛCDM prediction, black dot-dashed lines are UDM predictions for different values
of c2∞ (see text for details); shaded regions are errors for the LOFAR MS
3 survey; error
bars are NVSS errors.
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Figure 4.13: Cross-correlation of LOFAR Tier1 sources with the CMB. Black solid line
is the ΛCDM prediction, black dot-dashed lines are UDM predictions for different values
of c2∞ (see text for details); shaded regions are errors for the LOFAR Tier1 survey; error
bars are NVSS errors.
Probe σw0 σwa ση0 σµ0
CMB + SNe 0.14 0.64 0.66 0.24
CMB + SNe + LOFAR MS3 ISW 0.13 0.59 0.38 0.18
CMB + SNe + LOFAR MS3 ACF 0.12 0.51 0.64 0.23
CMB + SNe + LOFAR MS3 MAG 0.14 0.64 0.66 0.24
CMB + SNe + LOFAR MS3 ALL 0.14 0.49 0.38 0.17
CMB + SNe + LOFAR Tier1 ISW 0.11 0.51 0.35 0.16
CMB + SNe + LOFAR Tier1 ACF 0.07 0.29 0.54 0.19
CMB + SNe + LOFAR Tier1 MAG 0.14 0.64 0.66 0.24
CMB + SNe + LOFAR Tier1 ALL 0.07 0.28 0.32 0.14
Table 4.2: Errors on measurements of dynamical dark energy and modified gravity pa-
rameters for the LOFAR surveys and different probe combinations (current best mea-
surements: {w0, wa} = {−0.89 ± 0.11,−0.24 ± 0.56} , (Zhao & Zhang, 2010);
{η0, µ0} = {1.3± 0.35, 0.87± 0.12}, Zhao et al., 2010).
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Figure 4.14: Constraining power of cross-correlation CMB-radio sources for the LOFAR
MS3 survey; the solid line is the theoretical prediction, symbols are measurements from
NVSS and SDSS, dashed and dotted lines are thresholds to detect UDM models with a
non-zero speed of sound (see text for details).
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Figure 4.15: Constraining power of cross-correlation CMB-radio sources for the LOFAR
Tier1 survey; the solid line is the theoretical prediction, symbols are measurements from
NVSS and SDSS, dashed and dotted lines are thresholds to detect UDM models with a
non-zero speed of sound (see text for details).
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Figure 4.16: Cross-power spectrum of LOFAR MS3 radio sources with the CMB (Equa-
tion 3.26) for different values of the non-Gaussianity parameter fNL; shaded regions are
errors for the LOFAR MS3 survey as in Equation 3.44.
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Figure 4.17: Cross-power spectrum of LOFAR Tier1 radio sources with the CMB (Equa-
tion 3.26) for different values of the non-Gaussianity parameter fNL; shaded regions are
errors for the LOFAR Tier1 survey as in Equation 3.44.
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Figure 4.18: Magnification power spectrum for LOFAR MS3-SDSS; black solid line
shows the theoretical prediction (Equation 4.22), shaded regions are errors, as in Equa-
tion (4.23).
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Figure 4.19: Magnification power spectrum for LOFAR Tier1-SDSS; black solid lines
shows the theoretical prediction (Equation 4.22), shaded regions are errors, as in Equa-
tion (4.23).
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Figure 4.20: Forecast of constraints for dynamical dark energy parameters, for the LO-
FAR MS3 survey. Ellipses show constraints for different combinations of probes (see text
for details).
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Figure 4.21: Forecast of constraints for modified gravity parameters, for the LOFAR
MS3 survey. Ellipses show constraints for different combinations of probes (see text for
details).
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Figure 4.22: Forecast of constraints for dynamical dark energy parameters, for the LO-
FAR Tier 1 survey. Ellipses show constraints for different combinations of probes (see
text for details).
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Figure 4.23: Forecast of constraints for modified gravity parameters, for the LOFAR Tier
1 survey. Ellipses show constraints for different combinations of probes (see text for
details).
CHAPTER 4. COSMOLOGY WITH FORTHCOMING RADIO SURVEYS 180
4.6.2 EMU
Here we show the results we have using the EMU Survey. Along with the 10σ flux-
density limit assumed for all the surveys here considered, we also predicted measure-
ments that EMU could provide assuming a 5σ flux-density limit, as in Norris et al. (2011).
For both limits we predict measurements that should be provided for the Auto-Correlation
Function (Section 4.4.1), the ISW effect (Section 4.4.2), the Cosmic Magnification (Sec-
tion 4.4.3) and for the 10σ limit also a joint forecast of the measurements of the dynamical
dark energy and modified gravity parameters of Section 4.5; cosmological tests using the
5σ limit will be presented in a future EMU work.
Redshift Distributions
Following Section 4.3.1, in Figure (4.24, 4.25) we show the redshift distributions for the
different source types (Star-Forming Galaxies, Star Burst, Radio Quiet Quasars, FR1 and
FR2), and in Figure (4.26, 4.27) the combined redshift distributions the EMU Survey
should detect in the two limits considered.
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Figure 4.24: Redshift distribution of EMU 10 σ survey, for different source types: Star-
Forming Galaxies, Star Burst, Radio Quiet Quasars, FR1 and FR2 sources.
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Figure 4.25: Redshift distribution of EMU 5 σ survey, for different source types: Star-
Forming Galaxies, Star Burst, Radio Quiet Quasars, FR1 and FR2 sources.
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Figure 4.26: Redshift distribution found for the EMU 10 σ survey. All source types are
included in this overall redshift distributions.
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Figure 4.27: Redshift distribution found for the EMU 5 σ survey. All source types are
included in this overall redshift distributions.
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Auto-Correlation predictions
In Figure (4.28, 4.29) we show Cgg` for the combined source populations of the EMU sur-
veys considered. The solids lines are the predictions for the standard ΛCDM+GR model,
shaded regions are errors calculated using Equation 4.8.
EMU
?(
?+
1)
C
 gg ?
 / 
2?
10?7
10?6
10?5
10?4
10?3
10?2
10?1
?
10 100 1000
Figure 4.28: Source power spectrum (Equation 4.5) of the combined source populations
(black solid lines) for the EMU 10 σ survey, with 1-σ errors (grey shaded regions), as in
Equation 3.44.
In Figure (4.30) we plot the predicted source power spectrum for different values of
the non-Gaussianity parameter fNL; the black solid line is the standard Gaussian predic-
tion, the other lines being the prediction for non-Gaussian clustering, and the shaded area
is 1-σ errors (per mode) as in Equation 4.8. A χ2 analysis shows that EMU should be able
to distinguish (at 1-σ level) a fNL of 8 using the 10 σ limit, from a purely Gaussian model.
Cross-Correlation predictions
In Figure (4.31, 4.32) we show the predicted cross-correlations of the CMB with the
combined radio source EMU distributions. Solid lines are standard ΛCDM+GR model,
shaded regions are errors calculated using Equation 3.44. We will examine the combined
cosmological constraining power from different techniques in Section 4.6.2.
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Figure 4.29: Source power spectrum (Equation 4.5) of the combined source populations
(black solid lines) for the EMU 5 σ survey, with 1-σ errors (grey shaded regions), as in
Equation 3.44.
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Figure 4.30: Source power spectrum of EMU radio sources for different values of the
non-Gaussianity parameter fNL; shaded regions are errors for the EMU 10 σ survey as in
Equation 4.8.
CHAPTER 4. COSMOLOGY WITH FORTHCOMING RADIO SURVEYS 185
EMU
?(
?+
1)
C
 gT ?
 / 
2?
10?11
10?10
10?9
10?8
10?7
10?6
?
10 100 1000
Figure 4.31: Cross-correlation of EMU 10 σ radio sources with the CMB (Equa-
tion 3.26). The solid line is the theoretical ΛCDM prediction, the shaded area corre-
sponds to errors as in Equation 3.44.
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Figure 4.32: Cross-correlation of EMU 5 σ radio sources with the CMB (Equation 3.26).
The solid line is the theoretical ΛCDM prediction, the shaded area corresponds to errors
as in Equation 3.44.
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Figure (4.33) shows the predicted cross-correlation function, with errors, for the EMU
survey, and the measured NVSS errors as a comparison. Using NVSS we are able to see
differences from the ΛCDM case from c2∞ = 10
−2, while the plots show that using the
EMU Surveys will allow us to constrain better the value of the sound of speed c2∞, using
the ISW effect.
In Figure (4.34) we show ∆CgT/CgT (Equation 4.9) for the EMU Surveys. As
one can see, the EMU survey should have an increased discriminatory power, with a
∆CgT/CgT that is less than half of that of NVSS and SDSS.
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Figure 4.33: Cross-correlation of EMU 10 σ sources with the CMB. Black solid line is
the ΛCDM prediction, black dot-dashed lines are UDM predictions for different values
of c2∞ (see text for details); shaded regions are errors for the EMU 10 σ survey; error bars
are NVSS errors.
As stated in Section 4.4.2, the ISW effect can be used to test the non-Gaussianity
parameter fNL; the predicted modifications to the cross-correlation power spectrum is
shown in Figure (4.35). We performed a χ2 analysis to predict what level of non-
Gaussianity we should be able to detect, and we found that EMU data would detect a
fNL of 11 using the 10 σ limit, at 1-σ level.
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Figure 4.34: Constraining power of cross-correlation CMB-radio sources for the EMU
10 σ survey; the solid line is the theoretical prediction, symbols are measurements from
NVSS and SDSS, dashed and dotted lines are thresholds to detect UDM models with a
non-zero speed of sound (see text for details).
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Figure 4.35: Cross-power spectrum of EMU 10 σ radio sources with the CMB (Equa-
tion 3.26) for different values of the non-Gaussianity parameter fNL; shaded regions are
errors for the EMU survey as in Equation 3.44.
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Cosmic Magnification predictions
In Figure (4.36, 4.37) we show the cross-correlation of EMU radio backgrounds with
optical foregrounds from DES sources power spectra; we will examine its effect in the
combined cosmological constraining power in Section 4.6.2
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Figure 4.36: Magnification power spectrum for EMU 10σ-DES; black solid line shows
the theoretical prediction (Equation 4.22), shaded regions are errors, as in Equa-
tion (4.23).
Dark Energy and Modified Gravity
In Figure (4.38, 4.39) we show the forecasts of measurements of the dynamical dark en-
ergy and modified gravity parameters introduced in Section 1.3.1 and 1.3.3 and with the
prescriptions of Section 4.5, for the EMU 10 σ Survey. To highlight the constraining
ability of different observables, we show the contours for different data combinations:
lighter grey areas are limits from the Planck CMB10 plus Supernovæ Ia measurements
(Amanullah et al., 2010), while darker grey areas are improvements we will have adding
the auto-correlation of radio sources, the radio sources-CMB cross-correlation (ISW),
the foreground galaxy-background radio source cross-correlation (Cosmic Magnifica-
tion) and a combination of all the measurements; the crosses refer to the standard model
(cosmological constant and General Relativity), stars indicate the current best fit from
10http://www.rssd.esa.int/index.php?project=planck
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Figure 4.37: Magnification power spectrum for EMU 5σ-DES; black solid line shows the
theoretical prediction (Equation 4.22), shaded regions are errors, as in Equation (4.23).
a combination of probes using WMAP, SDSS and CFHTLS (see Zhao et al., 2010 for
details).
In Table 4.3 we summarise the errors in the measurements for the EMU survey us-
ing the different probes considered in this work, separately and in a joint Fisher Matrix
analysis, as described in Section 4.5.2.
Probe σw0 σwa ση0 σµ0
CMB + SNe 0.14 0.64 0.66 0.24
CMB + SNe + EMU 10σ ISW 0.07 0.25 0.22 0.11
CMB + SNe + EMU 10σ ACF 0.05 0.14 0.11 0.07
CMB + SNe + EMU 10σ MAG 0.08 0.34 0.60 0.21
CMB + SNe + EMU 10σ ALL 0.05 0.13 0.10 0.05
Table 4.3: Errors on measurements of dynamical dark energy and modified gravity
parameters for the EMU survey and different probe combinations (current best mea-
surements: {w0, wa} = {−0.89 ± 0.11,−0.24 ± 0.56} , (Zhao & Zhang, 2010);
{η0, µ0} = {1.3± 0.35, 0.87± 0.12}, Zhao et al., 2010).
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Figure 4.38: Forecast of constraints for dynamical dark energy parameters, for the EMU
10 σ survey. Ellipses show constraints for different combinations of probes (see text for
details).
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Figure 4.39: Forecast of constraints for modified gravity parameters, for the EMU 10 σ
survey. Ellipses show constraints for different combinations of probes (see text for de-
tails).
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4.6.3 WODAN
Here we show the results we have using the WODAN Survey. We predict measurements
they should provide for the Auto-Correlation Function (Section 4.4.1), the ISW effect
(Section 4.4.2), the Cosmic Magnification (Section 4.4.3) and a joint forecast of the mea-
surements of the dynamical dark energy and modified gravity parameters of Section 4.5.
Redshift Distributions
Following Section 4.3.1, in Figure (4.40) we show the redshift distributions for the differ-
ent source types (Star-Forming Galaxies, Star Burst, Radio Quiet Quasars, FR1 and FR2),
and in Figure (4.41) the combined redshift distributions the WODAN Survey should de-
tect.
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Figure 4.40: Redshift distribution of WODAN survey, for different source types: Star-
Forming Galaxies, Star Burst, Radio Quiet Quasars, FR1 and FR2 sources.
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Figure 4.41: Redshift distribution found for the WODAN survey. All source types are
included in this overall redshift distributions.
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Auto-Correlation predictions
In Figure (4.42) we show Cgg` for the combined source populations of the WODAN sur-
vey. The solid line is the prediction for the standard ΛCDM+GR model, shaded regions
are errors calculated using Equation 4.8.
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Figure 4.42: Source power spectrum (Equation 4.5) of the combined source populations
(black solid line) for the WODAN survey, with 1-σ errors (grey shaded regions), as in
Equation 4.8.
In Figure (4.43) we plot the predicted source power spectrum for different values of
the non-Gaussianity parameter fNL; the black solid line is the standard Gaussian predic-
tion, the other lines being the prediction for non-Gaussian clustering, and the shaded area
is 1-σ errors (per mode) as in Equation 4.8. A χ2 analysis shows that WODAN should
be able to distinguish (at 1-σ level) a fNL of 18 from a purely Gaussian model.
Cross-Correlation predictions
In Figure 4.44 we show the predicted cross-correlations of the CMB with the com-
bined radio source WODAN distribution. The solid line is the prediction for the stan-
dard ΛCDM+GR model, shaded regions are errors calculated using Equation 3.44. We
will examine the combined cosmological constraining power from different techniques
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Figure 4.43: Source power spectrum of WODAN radio sources for different values of the
non-Gaussianity parameter fNL; shaded regions are errors for the WODAN survey as in
Equation 4.8.
in Section 4.6.3.
Figure 4.45 show the predicted cross-correlation function, with errors, for the EMU
surveys, and the measured NVSS errors as a comparison. Using NVSS we are able to
see differences from the ΛCDM case from c2∞ = 10
−2, while the plots show that using
the WODAN Survey will allow us to constrain better the value of the sound of speed c2∞,
using the ISW effect.
In Figure 4.46 we show ∆CgT/CgT (Equation 4.9) for the WODAN Survey. As
one can see, the WODAN survey should have an increased discriminatory power, with a
∆CgT/CgT that is less than half of that of NVSS and SDSS.
As stated in Section 4.4.2, the ISW effect can be used to test the non-Gaussianity
parameter fNL; the predicted modifications to the cross-correlation power spectrum is
shown in Figure (4.47). We performed a χ2 analysis to predict what level of non-
Gaussianity we should be able to detect, and we found that WODAN data would detect a
fNL of 33 at 1-σ level.
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Figure 4.44: Cross-correlation of WODAN radio sources with the CMB (Equation 3.26).
The solid line is the theoretical ΛCDM prediction, the shaded area corresponds to errors
as in Equation 3.44.
|
C
gT
 (θ
)
−0.05
0
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
θ (deg)
0 1 2 3 4 5 6 7 8 9 10 11 12
WODAN
ΛCDM
NVSS Errors
UDM (c2∞=10
-4)
UDM (c2∞=10
-3)
UDM (c2∞=10
-2)
Figure 4.45: Cross-correlation of WODAN sources with the CMB. Black solid line is the
ΛCDM prediction, black dot-dashed lines are UDM predictions for different values of
c2∞ (see text for details); shaded regions are errors for the WODAN survey; error bars are
NVSS errors.
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Figure 4.46: Constraining power of cross-correlation CMB-radio sources for the
WODAN survey; the solid line is the theoretical prediction, symbols are measurements
from NVSS and SDSS, dashed and dotted lines are thresholds to detect UDM models
with a non-zero speed of sound (see text for details).
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Figure 4.47: Cross-power spectrum of WODAN radio sources with the CMB (Equa-
tion 3.26) for different values of the non-Gaussianity parameter fNL; shaded regions are
errors for the WODAN survey as in Equation 3.44.
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Cosmic Magnification predictions
In Figure (4.48) we show the cross-correlation of WODAN radio background with optical
foreground from SDSS sources power spectra; we will examine its effect in the combined
cosmological constraining power in Section 4.6.3.
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Figure 4.48: Magnification power spectrum for WODAN-SDSS; black solid line is the
theoretical prediction (Equation 4.22), shaded regions are errors, as in Equation (4.23).
Dark Energy and Modified Gravity
In Figure (4.49, 4.50) we show the forecasts of measurements of the dynamical dark
energy and modified gravity parameters introduced in Section 1.3.1 and 1.3.3 and with
the prescriptions of Section 4.5, for the WODAN Survey. To highlight the constraining
ability of different observables, we show the contours for different data combinations:
lighter grey areas are limits from the Planck CMB11 plus Supernovæ Ia measurements
(Amanullah et al., 2010), while darker grey areas are improvements we will have adding
the auto-correlation of radio sources, the radio sources-CMB cross-correlation (ISW),
the foreground galaxy-background radio source cross-correlation (Cosmic Magnifica-
tion) and a combination of all the measurements; the crosses refer to the standard model
(cosmological constant and General Relativity), stars indicate the current best fit from
11http://www.rssd.esa.int/index.php?project=planck
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Probe σw0 σwa ση0 σµ0
CMB + SNe 0.14 0.64 0.66 0.24
CMB + SNe + WODAN ISW 0.09 0.39 0.36 0.16
CMB + SNe + WODAN ACF 0.06 0.20 0.30 0.11
CMB + SNe + WODAN MAG 0.14 0.64 0.66 0.24
CMB + SNe + WODAN ALL 0.06 0.20 0.24 0.11
Table 4.4: Errors on measurements of dynamical dark energy and modified gravity pa-
rameters for the WODAN survey and different probe combinations (current best mea-
surements: {w0, wa} = {−0.89 ± 0.11,−0.24 ± 0.56} , (Zhao & Zhang, 2010);
{η0, µ0} = {1.3± 0.35, 0.87± 0.12}, Zhao et al., 2010).
a combination of probes using WMAP, SDSS and CFHTLS (see Zhao et al., 2010 for
details).
In Table 4.4 we summarise the errors in the measurements for the WODAN survey
using the different probes considered in this work, separately and in a joint Fisher Matrix
analysis, as described in Section 4.5.2.
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Figure 4.49: Forecast of constraints for dynamical dark energy parameters, for the
WODAN survey. Ellipses show constraints for different combinations of probes (see
text for details).
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Figure 4.50: Forecast of constraints for modified gravity parameters, for the WODAN
survey. Ellipses show constraints for different combinations of probes (see text for de-
tails).
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4.7 EMU+WODAN Combination
The combination of EMU and WODAN would provide a complete full north+south sky
catalogue, that would give the best possible sky coverage. We will now show how this
would improve the constraining power in measuring cosmological parameters. In Fig-
ure 4.51 and 4.52 we show the precision of the ISW measurements we should have with
the EMU+WODAN combination compared with the one from available data.
In Figure (4.53, 4.54) we show the forecasts of measurements of the dynamical dark
energy and modified gravity parameters that will be possible to obtain using the combi-
nation of EMU and WODAN, and we compare them to the current best measurements
available (Zhao et al., 2010); again, we plot in different shades of grey the measurements
obtained with different probes, and indicate with crosses the standard model (cosmologi-
cal constant and General Relativity), and with stars the current best fit from a combination
of probes using WMAP, SDSS and CFHTLS (see Zhao et al., 2010 for details).
We see that there is substantial improvement, which we quantify in Table 4.5; this
reports limits on the measurements of the four parameters for the different techniques
using the single surveys and the EMU+WODAN combination.
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Figure 4.51: Cross-correlation of EMU+WODAN sources with the CMB. Black solid
line is the ΛCDM prediction, black dot-dashed lines are UDM predictions for different
values of c2∞ (see text for details); shaded regions are errors for the EMU+WODAN
combination; error bars are NVSS errors.
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Figure 4.52: Constraining power of cross-correlation CMB-radio sources for the
EMU+WODAN combination; the solid line is the theoretical prediction, symbols are
measurements from NVSS and SDSS, dashed and dotted lines are thresholds to detect
UDM models with a non-zero speed of sound (see text for details).
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Figure 4.53: Forecast of constraints on dynamical dark energy parameters with the
EMU+WODAN combination, for different combinations of probes (grey shaded areas),
compared with current measurements (solid dashed lines).
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Figure 4.54: Forecast of constraints on modified gravity parameters with the
EMU+WODAN combination, for different combinations of probes (grey shaded areas),
compared with current measurements (solid dashed lines).
Probe σw0 σwa ση0 σµ0
CMB + SNe 0.14 0.64 0.66 0.24
CMB + SNe + EMU+WODAN ISW 0.07 0.23 0.20 0.10
CMB + SNe + EMU+WODAN ACF 0.05 0.13 0.11 0.07
CMB + SNe + EMU+WODAN MAG 0.08 0.34 0.60 0.21
CMB + SNe + EMU+WODAN ALL 0.05 0.12 0.10 0.05
Table 4.5: Errors on measurements of dynamical dark energy and modified gravity pa-
rameters for the EMU+WODAN combined survey and different probe combinations
(current best measurements: {w0, wa} = {−0.89±0.11,−0.24±0.56} , (Zhao & Zhang,
2010); {η0, µ0} = {1.3± 0.35, 0.87± 0.12}, Zhao et al., 2010).
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4.8 Discussion
In this chapter we have presented a forecast of the cosmological measurements that will
be possible with data from the forthcoming LOFAR, EMU and WODAN radio surveys.
We have used the correlation spectra of radio sources: the auto-correlation, the correla-
tions with the CMB and with foreground galaxies, alone and in combination, to predict
measurements of cosmological parameters. Note that in the predictions for the different
probes (i.e. plots of Cgg` , C
gT
` and C
gµ
` ), we plot errors per ` mode.
As mentioned in Section 4.3.1, the EMU and WODAN surveys can be combined in
order to obtain a complete full sky catalogue and so the largest possible sky coverage,
and Figure (4.53, 4.54) show the improvements this combination will produce in con-
straining cosmological parameters. However, this combination and all the measurements
we highlighted will require a very careful treatment of observational data and systematic
errors; future work will concentrate on detailed analysis of these issues.
4.8.1 Implications for Survey Design
The tests described in this chapter will be very sensitive to systematic errors. For exam-
ple, to measure magnification bias requires that the background source samples are uni-
formly surveyed (or that the threshold variation and completeness are well understood)
over large areas, placing a stringent requirement on the flux calibration of the surveys.
Systematics such as these lead to a number of requirements on the surveys; here we make
some initial comments about the nature of these requirements:
• Uniformity and completeness. It is important that the tests described are either con-
ducted on a uniform sample, or one where fluctuations are well understood. For
instance a uniform sample could be created by imposing a flux-density cut which
is sufficiently above the sensitivity limit at the most insensitive part of the survey,
so that there are few spurious sources, and so that sources are not being lost to
systematic effects. Detailed simulations will be necessary to check the impact of
the flux threshold given the consequent non-uniform signal-to-noise.
• Calibration accuracy of individual surveys. Most surveys typically aim for a 1%
calibration accuracy; it will be important to try to maintain this level, given the
need for uniformity described above, and the problems arising if these calibration
errors occur systematically and not randomly across the field.
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• Dynamic Range. If a strong radio source causes low-level artefacts, then that will
affect the claimed number of faint (and therefore typically distant) galaxies, re-
sulting in a spurious correlation between low-redshift and high-redshift galaxies;
to first order one will see this as an increase in rms map noise towards bright
sources. Any of the cosmic measurements need to take this into account, possi-
bly through masking the affected area, with the consequence of reducing the sky-
coverage slightly.
• Cross-calibration of different surveys. It would be useful for all of the surveys to
overlap in some regions of the sky to ensure an accurate absolute flux scale.
• Large scale gradients, especially in the declination direction, are virtually unavoid-
able due to changing UV coverage as a function of declination and increased sys-
tem temperatures for low elevation observations. These need to be carefully cor-
rected.
• Bias and redshift distribution uncertainties; this is a well known issue for both
the galaxy-galaxy and galaxy-CMB temperature spectra and for the redshift dis-
tribution only for cosmic magnification. To take this uncertainty into account, we
marginalised over the amplitude of b(z)×N(z) (see Section 4.5.2 for more details).
A reliable measurement of redshift and bias for the radio continuum population will
allow us to improve the constraining power of the techniques considered (Lindsay,
in preparation).
4.8.2 Additional Measurements
In addition to the techniques presented here, LOFAR, EMU and WODAN data will en-
able several other cosmological analyses, which will be useful to test and improve our
models. As examples, we briefly mention two interesting possibilities: the measurement
of a dipole anisotropy and a study of the CMB Cold Spot.
The measurement of a dipole anisotropy in the distribution of radio sources can be
used to test the distribution of matter at different distances and constrain our local motion
with respect to the comoving cosmic rest frame.
The dipole anisotropy in the cosmic microwave background has been detected with
good precision, so an accurate measurement of the dipole anisotropy in the large scale
mass distribution at lower redshift will allow a test of the homogeneity of the matter
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distribution in the universe: if there is agreement between the dipole in the CMB and
the dipole of galaxies, this will suggest a large scale homogeneity; while a discrepancy
between the CMB and nearby dipole would cast doubt on the general assumption of
isotropy and homogeneity of the Universe on large scales.
It is valuable to have radio sky surveys at different frequencies (such as LOFAR and
WODAN), as the amplitude of the radio dipole is not only a function of our peculiar
velocity, but also of the spectral index of radio emission (Ellis & Baldwin, 1984).
A detection of the dipole anisotropy in the radio source distribution has been reported
using NVSS (Blake & Wall, 2002), but the significance of this measurement depends
strongly on the number of sources; the surveys considered here will provide an impressive
improvement in the precision of the dipole anisotropy measurement, being able to move
from an uncertainty of ∼15 degrees in the direction of dipole (Blake & Wall, 2002), to
an improved accuracy of ∼2 deg, at 1-σ level (Crawford, 2009).
Using the radio source distribution, it will also be possible to perform a number count
analysis in order to search for a void in the direction of the Cold Spot (Cruz et al., 2005)
in the Cosmic Microwave Background. Several models have been proposed in order to
explain this anomaly, e.g. voids (Inoue & Silk, 2006; Rudnick et al., 2007), second order
gravitational effects (Tomita & Inoue, 2008) or a brane-world model (Cembranos et al.,
2008); Cruz et al. (2007) showed through a Bayesian statistical analysis that the cosmic
texture explanation is favoured over the Rees-Sciama effect (Rees & Sciama, 1968) due
to a void or the Sunyaev-Zel’dovich effect (Zeldovich & Sunyaev, 1969) caused by a
cluster. Radio and optical data have been used to test the void hypothesis (Granett et al.,
2010; Bremer et al., 2010), trying to find a gap in the number density in the direction of
the Cold Spot; no gap was found, however a further analysis using the EMU survey will
be helpful, because the larger number density of sources at high redshifts will provide
much better S/N for a potential void. Such an anomalously large void will also leave
an imprint on ISW measurements (Granett et al., 2008), and that again can be examined
using EMU data.
Chapter 5
Conclusions
As we said in Chapter 1, the ΛCDM model is a phenomenological model that needs a
proper theoretical foundation. Several physically-motivated models have been proposed
in the last years, but none proved to explain available observations and give predictions
better than the standard model. Model independent parameterisations are also being
proposed (see e.g. Linder 2011) in order to test deviations from the cosmological constant
behaviour of the dark energy component of the Universe, or deviations from the General
Relativity predictions. In this thesis we considered examples of measurements it will be
possible to make with the next generation of experiments in order to improve on current
precision.
The growth of structures with cosmic time is a key aspect of modern cosmological
models, so precise measurements of it are a fundamental aspect of our path toward a
better understanding of Nature; we concentrated our work on three main aspects of those
tests:
i) in Chapter 2 we analysed how Redshift-Space Distortions can be used to test gravity
on large scale using wide galaxy surveys; in particular, we presented a methodology
to measure the clustering and the growth of structures with high precision and on
a wide range of scales; this will allow precise tests of the theory of gravity, that
represents a very fundamental part of the model describing the Universe.
ii) in Chapter 3 we presented tests of two models using the ISW effect; we showed
examples of how to combine observations of the CMB and galaxies in order to test
the evolution of the gravitational potential and the growth of structures, allowing the
measurement of cosmological parameters and tests of cosmological models, high-
lighting possible deviations from the standard model.
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iii) in Chapter 4 we analysed how forthcoming radio surveys can be used to measure
cosmological parameters; we argued that those surveys will be helpful in increas-
ing the precision in the measurement of parameters describing deviations from the
standard cosmological constant and General Relativity models, and that they will be
complementary to observations in different wavelenght.
We will now briefly highlight and comment on our results and summarise our conclu-
sions.
5.1 Redshift-Space Distortions
Redshift-Space Distortions analyses are a powerful tool for cosmology, but incoming
data need to be analysed very carefully in order to fully extract all available information.
Until now RSD analyses have concentrated on using the plane-parallel approximation
(with a few exceptions including Okumura et al. 2008; Pope et al. 2004; Matsubara 2004;
Samushia et al. 2011); this is almost correct if the survey is narrow, but when galaxy
surveys with wide field of view data will be available, there will be a consistent number
of galaxy pairs separated by wide angles and in this case the plane-parallel approximation
fails. This approximation arises from not taking into account some of the terms in the
Jacobian relating redshift- to real-space; in Section 2.5.1 we considered its linearised full
expression, and this causes additional, non-diagonal terms in the correlation function.
In Chapter 2, after introducing Redshift-Space Distortions and deriving the formalism
necessary to use them to test the growth of structures, we present a new methodology to
analyse Redshift-Space Distortions in the wide-angle case, and test it with data from the
HV simulation; this part is based on Raccanelli et al. (2010). In the last part of the Chapter
we then measure Redshift-Space Distortions from the SDSS DR7 catalogue and compare
the standard plane-parallel analysis with an improved formalism including wide-angle
and other corrections; this is based on Samushia, Percival, & Raccanelli (2011).
The next generation of spectroscopic surveys, such as BOSS (Schlegel et al., 2009),
BigBOSS (Schlegel et al., 2011), Euclid (Laureijs, 2009), LAMOST 1 and WFIRST
(Green et al., 2011) will enable us to measure the clustering of galaxies at large scales
with extremely high accuracy and using RSD data on large scales will be crucial for
constraining growth of structure in the Universe and the nature of gravity in a robust
way. We showed that, on large scales, ignoring effects such as wide-angles would lead
to systematic deviations, so they should be taken in account when measuring Redshift-
Space Distortions with high precision.
1http://www.lamost.org/
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5.1.1 Wide-Angle Redshift-Space Distortions
In Section 2.5.1 we use the expansion of the correlation function in a basis of tripolar
spherical harmonics, as suggested in Pa´pai & Szapudi (2008); following the formalism
developed in Szapudi (2004) and Pa´pai & Szapudi (2008), we make predictions for the
momenta of the correlation function for galaxy pairs at fixed angular separation, and we
test them against data from the Hubble Volume Simulation.
In order to do this we have had to introduce a new methodology: rather than creating
a single sample of galaxies in redshift-space from which we can count pairs, we have
instead dynamically applied RSD on a pair-by-pair basis, choosing an origin for each.
By including weighting functions in the separation scale x and the angle with the line of
sight µ, we can match results from the more traditional approach. This allows us to only
consider galaxy pairs at particular values of the separation angle θ.
To show both the correctness of our methodology and the deviation from the plane-
parallel situation we tested galaxies separated by two different fixed values of θ; the mode
coupling terms are also strongly dependent on the galaxy radial distribution, so we have
tested simulations with 4 different number density distributions, for both values of θ.
We show that taking into account the wide angle and mode coupling terms give a clear
deviation from the plane-parallel theory; using the exact theory and our methodology,
we can match the results of simulations, the agreement between data and theory being
remarkable, especially considering how crude our modelling of the HV simulation is (we
use a measurement of the 3D real-space correlation function as our baseline model, and
we do not include a correction for fingers-of-god type effects). For RSD measurements
made within radial bins, it will be vital to match the theory to the exact distribution of
galaxies observed.
In a measurement of RSD from real data, the final result will be a weighted average
over different opening angles, to take account of the fraction of galaxy pairs separated
by a θ angle, so in wide surveys one has to discard the plane-parallel approximation, or
face losing a non negligible amount of information. For this reason our methodology
for including wide-angle effects will need to be taken into account when measuring the
clustering with high precision, which is the aim of incoming and future redshift Surveys,
such as BOSS (Schlegel et al., 2009), BigBOSS (Schlegel et al., 2011), and Euclid (Lau-
reijs, 2009).
Our methodology to analyse wide-angle RSD concentrate on large-scales, as these are
the ones that are more affected by wide-angle effects, and does not include non-linear
effects; however, a measurement of RSD from a galaxy survey needs to take into account
non-linearities, that not only affects small scales, but also the large ones (see Figure 2.22,
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2.23, 2.24). It will be interesting to use the many proposed approaches, phenomenologi-
cal or more physically motivated (e.g. Stril et al. 2009; Taruya et al. 2010; Hikage et al.
2011) to model non-linearities in order to extend our methodology to a wider range in
redshift (Raccanelli et al., in preparationc).
5.1.2 SDSS analysis
In Section 2.7 we analysed data from the SDSS DR7 catalogue in order to verify the
significance of systematic deviations from the linear plane-parallel RSD model for the
large scale clustering of galaxies. These include systematic deviations due to wide-angle,
µ-distribution and non-linear effects, and problems caused by inaccurate modelling of
the redshift distribution. By testing against the measurements from N-body simulations
we checked that, by including these effects, we can fit simulated large-scale RSD data
extremely well. We have also considered the relative importance of these effects, showing
that, for the SDSS DR7 survey, due to the small number of pairs with wide angular
separation, the wide-angle effects are small, while the non-isotropic µ-distribution effects
are larger. We also included corrections due to non-linearities, and analysed their impact
on large-scale RSD measurements (see Figure 2.22, 2.23, 2.24).
We have presented what we consider to be a very robust analysis, taking into account
all of the effects that could influence the redshift-space correlation functions. We show
that our treatment of Redshift-Space Distortions allows us to fit data on a larger range of
scales compared to the standard linear plane-parallel analysis (see Figure 2.25).
The next generation of ongoing and planned surveys will enable us to measure clus-
tering properties of galaxies on very large scales with high accuracy. For these sur-
veys, where the measurements are more precise, the full treatment of RSD effects will be
very important; in addition, there will be significantly more information available on the
largest scales.
Those new precise data should allow measurements on large scales and over a large
range of z, so it will be interesting to apply our model to test different cosmological mod-
els (Raccanelli et al., in preparationa) and to measure the non-Gaussianity parameter fNL
(Raccanelli et al., in preparationb).
5.2 Integrated Sachs-Wolfe effect
In Chapter 3 we presented the ISW effect, introduced its theoretical foundation and ex-
plained why it can be used to test models for the growth of structures and the theory of
gravity. We then illustrated two such tests: one of a cosmological model alternative to the
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standard ΛCDM , based on Bertacca et al. (2011b), the other one of the redshift evolution
of low frequency radio sources, based on Massardi et al. (2010).
As said in Section 3.5.1, UDM models are toy models useful to parameterise devia-
tions from ΛCDM ; our analysis showed that ISW tests are, at the moment, not precise
enough to detect those deviations.
5.2.1 Using the ISW to test UDM models
In Section 3.5.3 we have considered the cosmological models of UDM introduced in
Bertacca et al. (2008a) focusing on predictions for the two-point correlation function
between CMB and galaxy distribution. The main goal was to investigate the ISW effect
within the framework of UDM models based on a scalar field and understand which
constraints we can put on the sound speed of the scalar field, crucial parameter of these
models, using the ISW effect. Analysing the cross-correlation between different source
catalogues (NVSS, SDSS, HEAO, 2MASS) and the WMAP CMB temperature map as
discussed in Giannantonio et al. (2008a), we studied its changes due to a non-negligible
sound speed and compared them to the standard ΛCDM scenario.
As expected, we found that for a very small sound speed, the UDM model gives the
same prediction of the ΛCDM one, whilst for larger values the model starts to behave in a
different way. In particular, this effect can be explained through the oscillatory behaviour
of the density contrast and of the gravitational potential, due to the fact that the presence
of a non negligible speed of sound prevents the structure formation on scale smaller than
the Jeans’ length, and that the rapid fluctuations between positive and negative values
produce a temporal mismatch between Φ˙ and δDM, which determines a lowering of the
cross-correlation signal.
In conclusion, the comparison of theoretical predictions with real data has shown that
current surveys are not precise enough to decisively distinguish between specific classes
of late-time evolution of the Universe. Future surveys will have a better redshift char-
acterisation of sources so that they will allow a tomographic study. We investigated this
prospective creating a mock catalogue with a realistic redshift distribution. In particular,
from tomographic analysis, the maximum of the sensibility is for low-redshift surveys.
Indeed, sources at lower z emit light that strongly feels the decay and the oscillations of
the Newtonian potential, and to the presence of an effective ΩΛ, that plays the role of
dark energy.
In the future, the ISW effect can be used to test new alternative cosmological models (e.g.
De Felice et al., in preparation); improvements of ISW tests of cosmological models will
come from tomographic analyses, that will allow a more precise test of the temporal evo-
lution of the gravitational potential, so potentially increasing the constraining power of
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such tests.
5.2.2 Using the ISW to test redshift distribution models
In Section 3.5.7 we presented a new analytical evolutionary model that describes the
population properties of radio sources at frequencies <∼ 5 GHz. The model provides a
satisfactory fit to a broad variety of data including luminosity functions of steep- and
flat-spectrum sources, source counts at all frequencies from 0.15 to 5 GHz and over the
full flux density range covered by observations, and redshift distributions.
We discuss the implications of this new model for the interpretation of data on large-
scale clustering of radio sources and on the Integrated Sachs-Wolfe effect, based primar-
ily on the NVSS survey. Since both the sky coverage and the depth of this survey are
much higher than those of large surveys in all the other wavebands, it provides unique
constraints on the high-z evolution of the bias factor, b(z), on very large scales. Our
analysis confirms and updates the conclusion of Negrello et al. (2006) that, if we adopt
the Sheth & Tormen (1999) formalism to derive b(z) as a function of the effective halo
mass, Meff , associated to radio sources, Meff must decrease at z > 1 rather than keeping
essentially constant as found for optically selected QSOs.
Future ISW measurements will be helpful in refining models of the redshift distributions
e.g. of radio sources, and a particularly important advancement would be to help mod-
elling the evolution of the bias.
5.3 Cosmology with Forthcoming Radio Surveys
In Chapter 4 we have shown the potential of SKA pathfinder-generation radio surveys
to provide competitive cosmological measurements able to test cosmological models and
constrain parameters describing fundamental physics models. This is largely based on
Raccanelli et al. (2011), with the addition of a more aggressive strategy for the selection
of objects for the EMU Survey taken from Norris et al. (2011).
Using simulated catalogues, we have predicted which measurements we will obtain
with the source auto-correlation, the cross-correlation between sources and the CMB,
the magnification bias, and a joint analysis together with the CMB power spectrum and
Supernovæ Ia.
We have shown examples of the constraining power in testing cosmological mod-
els alternative to the ΛCDM+GR model, looking for modifications coming from non-
Gaussianity, alternative models for dark energy or modifications to the theory of gravity.
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We have assumed that the surveys will achieve their target dataset and treatment of sys-
tematic errors, but have tried to be conservative in our analyses (e.g. marginalising over
the amplitude of correlation power spectra).
There are a number of other galaxy surveys at different wavelengths, which aim to
measure cosmological parameters, and which are already collecting data or are being
actively prepared for. The radio surveys discussed are complementary to these surveys,
because of the difference in area, redshift and number density covered, and so they will
be able to provide useful information using some specific probes (i.e. ISW and Cosmic
Magnification, as their constraining power is increased for larger sky coverage and higher
redshifts).
In the period before SKA, 3D redshift surveys such as BOSS will provide more infor-
mation on the power spectrum on intermediate scales and at low redshifts; photometric
surveys such as Pan-STARRS12 and DES will also span a different part of the parameter
space, as they will observe a larger number of objects, but at a lower median redshift
and, in some cases, a smaller region of the sky. Radio surveys cover larger volumes, and
so provide more large-scale information; thus they will be complementary to these other
surveys. Next generation experiments such as Euclid and LSST will improve the quality
of available data, but for some aspects the radio surveys of the current generation are still
competitive, as can be seen from Fig. 5.1. In the radio, NVSS has been used to perform
cosmological analyses (e.g. Raccanelli et al. 2008, Xia et al. 2010b), and the surveys
we considered here will have higher median redshift and number of objects observed, so
they should improve the precision of the cosmological measurements available.
Our results show that the unprecedented combination of sky coverage, redshift range
and sensitivity will enable high-precision measurements, competitive with current sur-
veys in a conservative scenario. Examining Figures (4.20, 4.21, 4.22, 4.23, 4.38, 4.39,
4.49, 4.50, 4.53, 4.54) and Tables (4.2, 4.3, 4.4, 4.5), it is clear that the measurements that
LOFAR, EMU and WODAN could provide are potentially decisive in ruling out a large
part of the cosmological parameter space for dark energy and modified gravity models.
Looking at the different surveys, we can see that they will allow precise measure-
ments of cosmological parameters. LOFAR Tier1, EMU and WODAN should all be able
to increase the precision in the dark energy and modified gravity measurements, com-
pared with that predicted for CMB+SNe, by a significant amount; it is also interesting
to note that adding measurements from LOFAR MS3, which is the least powerful of the
2parameters from Baugh 2008.
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Figure 5.1: Comparison of median redshift and sky coverage of selected future imaging
surveys.
surveys we considered (due to the lower number density of sources), will already de-
crease the errors in the measurements on modified gravity parameters with respect to the
CMB+SNIa ones.
We presented forecasts for constraints on cosmological models which can be obtained
by forthcoming radio continuum surveys: the wide surveys with LOFAR and the EMU
and WODAN surveys. We use simulated catalogues appropriate to the planned surveys
to predict measurements obtained with the source auto-correlation, the cross-correlation
between radio sources and CMB maps (the Integrated Sachs-Wolfe effect), the cross-
correlation of radio sources with foreground objects due to cosmic magnification, and
a joint analysis together with the CMB power spectrum and supernovae. We show that
near future radio surveys will bring complementary measurements to other experiments,
probing different cosmological volumes, and having different systematics. Our results
show that the unprecedented sky coverage of these surveys combined should provide the
most significant measurement yet of the Integrated Sachs-Wolfe effect. In addition, we
show that using the ISW effect will significantly tighten constraints on modified gravity
parameters, while the best measurements of dark energy models will come from galaxy
auto-correlation function analyses. Using the combination of EMU and WODAN to pro-
vide a full sky survey we will measure the dark energy parameters with an uncertainty
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of {σ(w0) = 0.05, σ(wa) = 0.12} and the modified gravity parameters {σ(η0) = 0.10,
σ(µ0) = 0.05}, assuming CMB+SN priors. Finally, we show that radio surveys would
detect a primordial non-Gaussianity with a precision of up to fNL = 8 at 1-σ and we
briefly discuss other promising probes.
As mentioned in Section 5.2, possible future works involving the ISW effect include
tomographic analyses and modelling the bias; EMU is expected to be able to provide
photometric-like redshifts, thus allowing a first step towards tomographic tests of dark
energy and modified gravity, possibly increasing the precision of the measurements fore-
casted in Section 4.6.2 (Raccanelli et al., in preparationd).
Having calculated the constraining power that SKA pathfinder-class radio surveys should
provide, it will be extremely interesting to see what the real measurements will allow us
to measure. After that, an obvious step forward is to forecast the precision in the mea-
surements provided by SKA, also taking into account the difference between predictions
and real measurements there will be with the SKA-pathfinder.
5.4 Implications for Cosmology
In this thesis we presented tests that could allow an improvement in our understanding
of the laws of Nature. In particular we have tested a methodology to increase the preci-
sion in the measurement of the clustering of structures and investigated systematic errors
that could lead to incorrect conclusions about the mechanisms driving the formation and
growth of structures. We also compared observations with different models describing
deviations from the standard vanilla ΛCDM +GR model. None of the cases we anal-
ysed showed a clear deviation from the standard model, so the questions discussed in
Chapter 1 are still open, but our analyses have helped to restrict the allowed parameter
space for the description of the Universe. We also argued that forthcoming surveys, both
spectroscopic galaxy surveys and radio surveys, will increase the precision of our mea-
surements in order to test in an even more stringent way our current understanding of the
Universe. We can thus say that we are still in the golden age of cosmology, but even more
exciting times are in front of us.
While the cup of hemlock was being prepared,
Socrates was learning to play a melody on the flute.
“What use will that be to you?” someone asked him.
Socrates answered:
“At least I will learn this melody before I die.”
Italo Calvino, “Why Read the Classics?”
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